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Abstract: The input-on tput problem of a bistable behaviour of & nonlinear
(atomic) medinm of 3-level V-shaped structure in & ring cavity configuration
driven by a coberent field and in contact with g phase-senzitive {squeezad
vacuum} reservoir environiment is modelled and treated computationally in
the steady state region. The Interplay of the {quantum) inuterference effect
(associated with the 3-level structure) and the effect of the Phase-sensitive
regervolr is investigated in detail,
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1, Introduction

The recent mathematical and cornputational interest iu the topic of opti-
cal cormmunications is due to the technological advances in phenomena like:
optical bistability (OB}, optical fibres, optical cornputers and quantum com-
puters [1-7). In addition, the avallability of light field sources of lesser {quan-
tum) noise {called phase-sensitive sources or squeezed light) has encouraged
researchers to probe various {classical or quantum) systerns as this provides
finec measurementa and predict new effects in radiation-roatter interactions
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[8, and references therein),

Specifically, the histable behaviour of a simple dissipative 2-level atomic
structure placed in an optical ring cavity is well studied since the first paper
of Bonifacio and Lugiato in 1976, see [9]. The dissipative process of the
atomic systern is treated as “environmental interaction™ with a reservoir of
large number of harmonic oscillators at zero termperature (i.e. the state of
the surrounding radiation field is in the normal vacuum [NV) state). Recent
investigation [10-14] of the 2-level OB systern where the environmental reser-
voir is in the squeszed vacuum {5V) stals, rather than the NV state, provided
rich of informations, among which: lower critical value for the atormic coop-
erative parameter [13], novel “phase switching effect” [11) of various shapes
{“isola" and “mushroom” structure [13, 14]).

In the present work, we extend our earlier study [13, 14] to the case of OB
systemn of 3-level atomic energy structure of V-shape in interaction with SV
reservoir. The 3-level atomic structure i of recent current theoretical {and
experinmental) investigation because of the important role of the quantum in-
terference effect that takes place between the two-decay channels associated
with the two-upper levels. Also, the 3-level atomic structure is important to
induce highly-dispersive media and “lasing” action withou! atomic inversion
{15, and references therein).

In this final report of the funded project we report the model Bloch
equations for the atomic variables for the 3-level V-shape of atomie structure
in Interaction with environmental SV reservoir (which was reported in the
first report) together with the computations] investigation of the steady state
atomic variables and the characteristic steady state input/output relation.
The major inveatization is to display the role of the guantumn interference
process in the presence of the SV field.

2. The Hamiltonian Model and the BEquations of Motion

The 3-level atomic V-shape is schemntically shown in Figure 1: The two-
upper levels |2 > and |3 > [which couple by the same SV modes to the
ground state |1 >) decay to the single ground state |1 > - but the transition
between |2 > and |3 > is not allowed. The Hamiltonian operator of the
gystem is given by [15],

H=H, + Hr + Hyy, {1
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Figure 1: The V-aystem in the three-level atom
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Figure 2: The ring cavity configuration

where the stomic Hamiltonian H, is given by,
3
Hy = K> wi S, (28)
i=l
the free field Hamiltonian H; is

H = Z W “LA Uy
L

(2b)

and the atom-field interaction Hamiltonian H,; is given by

3 ]
Hop = Ry |3 gima Soga — Bie ™5, + ke {2¢)

=7 | 52
The notationy are: The aloic operators Sij = |i > < j| obey the commu-
tation algebra,
{555 Skt = 85 S — Ss 8.
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Figure 4: z versus y for C =5, § = A = 0 in the NV for various
values of ¢
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Figure 5: Same as Figure 3 but with § = 0.01, & = 0.3 (resonance
case)
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Figure 6: The resonance case for Jarger value of n = 1, ¢ = 0, with
C=5ands=100

Supplied by The British Library - "The world's knewledge”




282 H.A. Batarfi &
:§’:
R
i
A B ~ 7
P i
\\ “;“
ol ) S
! R
L) e
i

Figure 7: Multistability for both cases of k with € = 5, s = 100,
§=001,A=03intheSV case (n=01,¢6=0)

Figure 8: Re(Pyy + Pay) versus the detuning ¢ for k = 0, z = 0.1,
g = 100 aud various velues of A in the NV case
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Figure 9: Im(py + Pa;} versus the detuning § for £ = 0, 2 = 0.1,

& = 100 and various values of A in the NV casa
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Figure 10a: Re(fy, + Py,) versus the detuning § for k =0, £ = (.1,
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Figure 10b: Same as F1g-urelﬁa but for &k =1

Flgare 10b: Re[‘,ﬁm -+ Pay} versus the detuning Sfork=0, =1
s = 2.25 and various values of A in the SV case {(n =1, ¢ = 0) ‘
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Figure 1la: Im(By + By;) versus the detuning § for k = D, z=1,
¢ = 2.25 and various values of A in the SV case (n =1, ¢ = 0)

The Boson Opetatora ! i dud oy ) are the creation and annihilation oper-
ators of the field mode (s, A) (& ia the wave vector with polarisation index
£.00 A = 1,2} with algebrg,

[ﬂﬁ.f\' aie‘.‘\’} = g dan

The coupling constant g; 5 = /3 4, .£, 1 With V the quantisation vol-
wne, wy = ke, £ = |5 is the wave number, ¢ =velocity of light and g
is the atomic dipole moment between the state il >and i >4 =23
B = A™14,; B is the Rabi frequency of the transition i >— |1 > associated
with the classical (laser) field of amplitude B = E(z,t) and angular fre-
quenty v, The resanant frequencies between the two upper states [2 >, [3 >
and the ground state |1 > are wy; = wy —w; and Wy = wy — W respectively.

Following the operator approach [16,17], Heisenberg equation of motion
for any atomic operator Sy, i48;; = [Sy;, H], leads to the following equa-
tions of moticn for the expectation value of the operators gi; =< Sy >
{where < ... > means the quantum expectation value in the combined atom
© field reservoir state) in normalised matrix form (r = VT2 7t

SF=47 -3, (2

where
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The “bar” notation in (3) and (4) means space average: f{t) = L7
J’D pij (7, t)dz, E(t) = L1 Jf B(z,1)dz, and have used the mean field &p-
proximation [9, 13, 18] for the bilinear terms: pi;{z, )&
The symbols in (4a) are PATEIEIRE S Pl

§ = i6-BVE-) Q+2mVe-T o=,
= 1+ n , ’
& = ——«  #=r/
& = +Ei-pVe-p (120 2=,
g
= n i
g - (\/E+$), )
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s= 2 A= %,3: S A =~ ws, and 4 = 2¢ ~ g — wy, Where &
is the coherent Held frequency, and n, m = |m| exp(ig) are the squeezed
vacuum field reservoir parameters (|mf? < n{n + 1)) (16, 17]. The constant
o = 3 AWl /e® (i = 2,3) is the decay rate of the excited state |i > to .
the ground state |1 >, y;) = !Eili and the parameter » i3 defined througlu

Yoz = 5‘/7273 (-E;-;”) = §./7r7s, & Teasure of the guantim interference
effect (kx = 1 corresponds Lo rnexiroum interference when the transition
morments p = p,, and 4 = ,%J are parallel, x = 0 corresponds to no
interference effect when u and 4 are orthogonal).

Iu the abasence of the SV Beld (n = m = 0) equation (§) snd equation
(4) reduce to those derived in the NV case [18].

3. Bteady States Solutions

In the steady state (2 7 = 0) the system (3} gives the formal sclutions
or Pif EIVE
for the matrbe elements 3,;

T =141 F. (6)

Further, Maxwell's equation in the steady state for the cavity field envelope
E(z) is of the form [18]

b ;
ey = iy Nu(pn(z) + par{2)) , (7)
where N is the atomic density and have tsken x = 4'. In the ring cavity
configuration (Figure 2) the boundary conditions (BQ) for the cavity field
E(z) in the steady state limit are {13],

E(QQ) = VT E; + RE(L)ezp(—ifT), E(L)= (8)

=
ﬁ 1
where § = (. ~ wa)/k; I8 the normalised eavity detuning parameter, w, is
the frequency of the cavity mode and wy is the frequency of the incident Held
and kp = ¢/.L i3 the cavity decay rate, where £ = 2{£+ 1) is the total length
of the cavity.

Integrating equetion (7) with the BC of (8) we get

2riv Ny
c

K
E(L)- B0) = fﬂ (o) + ous (20
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2rivNLy, _
= -EN g ), (9

where the steady state space averaged guantity (7, + 7a;) is obtained from
(6), where the steady state space averaged field E in the vector matrix
is to be replaced by E(L) in the mean field limit {9, 13, 18].

From eguation {8} we get the steady state characterestic inpui-output
relation in the form

y =z +1iC (B +Pa), {10;

2w Nyt : . ul .
where (' = “"M_g—c’fﬁ' is the ¢cooperative parameter, = h-—ﬁf = |z} and
y= % are the normnalised real output end input fields respectively and
have taken v = 3.

4. Computational Results
4.1. Input-Output Relation

First we examine the quantum interference effect (k = 1} on the steady state
relation, equation (10), and compare the results with the non-interference
case (k = 0). To do so, The induced polarisation (Zg; + P3;) 18 computed
numerically from equstions (6} for fixed values of the parameters C, §, A,
g, n fml=n{n+1)and ¢,

In the NV case where n = ¢ = 0 and for C' = 5 at exact resonance
(8 = A = 0} the system shows bistable behaviour in both ¢ages of k = 0, 1;
with larger bistable area and lower threshold on the former case {Figure
3). Increasing the ratio of the two decay channels s = (yg/3) shows a
multistable behaviour (indeed double bistable behaviour} only in the no-
quantuin interference case, & = 0 (no effect i3 noticed for & = 1), (Figure
4). In the off-resonance case @A # D), the multistable behavicur occurs
in both cases of k = 0,1 {Figure 5) with switching-down values of the input
field ¥ occuring at larger values relative to the resonance case {Figure 3 and
Figure 4),

In the 8Y case (rn = 0.1, ¢ = 0} and for © = 5 at exact resonance
the systermn shows multistable behaviour in both cases (k = 0,1), Figure 6,
coropared with the NV case of Figure 4 where nultistable behaviour occurs
ouly for & = 0. In the off-resonance case (5,8 # D) both cases 0f £ = 0,1
show multistable behaviour, Figure 7-but 8V parameters have the effect of
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reducing the difference between the two sw) tehing-on values in the case £ =
cornpared with the NV case {Figure 5).

4.2. Susceptibility Response

Here, we examine the real and imaginary parts of gusceptibility which is
propotional to the induced polarisation (B, + Py, ) a8 a function of the nor-
roalised detuning parameter § at fixed values of the output field «.

In the NV case (r = m = 0) and for |z| = 0.1 and s = 10, the dispersive
behaviour which is governed by Re(gy, + 73, ) in the cage & = 0 has the usual
dispersive curve (symmetric with respect to origion § = 0) for & = 0 but
loses symmetry for A: the dispersive curve shifts to the left until for & =5 0.4
where it shows pronounced asyrunetry iu itg positive part (Figure 8). In the
interfernce case (k = 1} and for the same sat of parameters we have similar
qualitative behaviour but with higher peak values, The absorptive behaviour
which is governed by Im(Fy + Py;) shows that in the £ = 0 case {Figure 9}
the slightly dip structure around 4 = 0 for A = 0.03 develope to 2 seperate
peak at § = —1 for A = 1. In the interference case & = 1 similar qualitative
behaviour occurs but with no dip structure for 4 = 0.03,

In the SV case (n = 1, ¢ = 0) extra resonances occur in Re(p,y + 73;)
for both cases of & = 0,1 (Pigure 10a and Figure 10b) as A increases:
A~ 0.6 and lrespeciively are the critical values to shift from the symmelric
dispersive curve to the asymmetric curve. As for the absorptive behaviour,
Im{fa, +P3,}, we have similar qualitative behaviour in bath ceses of k =0, 1
to that of the NV case of Figure 9-except that no dip structure in the case
of £ = 0 and A = 0.03. For larger value of the output field 7 = 1 and
smaller value of s = 2.25 the extra resonance structure (ceusing asyrometry)
disappears in the dispersive and absorptive behaviour of the susceptibility
for & = 0 (Figure 11a and Figure 11b}-gimilarly for k = 1

5. Conclusion

The OB model of atomic medium of d-leve] V-shaped structure placed in a
ring cavity and in contact with a phase sensitive reservoir (SV feld} is inves.
tigated in the mesn field limit and in the gteady state case. The combined
role of the quantwn interference effect and the 8V field is discussed for the
gusceptibility response function. Qur main computational results are:

(i) The input-cutput feld relation shows multi-stable behaviour if bath

Supplied by The British Library - "The world's knowledge"




200

quantumn interference and SV feld {with suitable SV phase value) effects are
taken into account. Effect of increasing the ratio of the two decay channel |,

rates of the two upper levels induces bi-stable behaviour in the input-outpus 3

curve in the NV cese with no quantum interfersnce effact at exact resonance, =

Fd

2.3

(i} The frequency wismatch between the two upper levels causes asym-

EITFLEREIS S

metry in both the absorptive and dispersive nature of the susceptibility ;

response function, Increasing this frequency mismeteh induces additioual
resonance for {small) fixed output feld with more agymmeiry due to quan-

tuw interference eflect. The enhanced dispersion (Figure 10a) i due to the °
presence of the SV field which in turn causes redistribution of the noise sur- .
rounding the atomic mediws as well us the consideration of the quantum
interference which overcomes the spontaneous relaxation of atomie cohter-

ence [18] leads too to hizher extrernal values of the dispersive part of the |

susceptibility response function for small atomic frequency mismatch.
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