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Sequences of Real Numbers

Definition .1: [Sequences]
A sequence is a function whose domain is the set of positive integers and whose range is a
subset of the real numbers.

Note 1: The following notations are used to indicate a sequence:

{a1, a2, a3, a4, . . . , an, . . .} or {an}∞n=1

↑
First term

↑
nth term

Example 1. Write the first four terms of the sequence whose general term is given by

an =
n + 1

n
❍?

Solution:

a1 =
1 + 1

1
= 2, a2 =

2 + 1
2

=
3
2
, a3 =

3 + 1
3

=
4
3
, a4 =

4 + 1
4

=
5
4
.

�
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Limit of a Sequence

Definition .2: [Limit of a Sequence]
Let {an} be a sequence. If there is a unique finite number L for which the terms of the
sequence an are arbitrarily close to L for all n sufficiently large, then {an} is said to converge
to L and we write

lim
n→∞ an = L

The number L is called the limit of the sequence {an}. If the number L exists, then we say
simply {an} converges, or {an} is convergent. If no such number L exists, then we say {an}
is divergent, or {an} diverges.

Example 2. Use the definition to show that the sequence { 1√
n
} converge to 0.

Solution: Given ε > 0 we want to find an integer N > 0 such that n > N ⇒
∣∣∣ 1√

n
− 0

∣∣∣ < ε

or 1√
n

< ε. Now,
1√
n

< ε ⇔
√

n >
1
ε
⇔ n >

1
ε2

.

Hence choose N to be an integer such that N ≥ 1
ε2 . �
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Notice that the se-
quence {an} con-
verges to L if given
ε > 0 we can find
an integer N such
that the terms of
the sequence stay
between L − ε and
L + ε for all n > N.
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Graphs of Sequences

If we look at a sequence as a func-

tion, then we may consider its graph

in the xy-plane. Since the domain of

a sequence is the set of positive inte-

gers, the only points on the graph are

(1, a1), (2, a2), · · · , (n, an), · · · where an is

the nth term of the sequence. We use the

graph of a sequence to illustrate the behav-

ior of the nth term as n increases without

bound. The graphs of the following exam-

ples of sequences are shown below. Each

of these sequences behaves differently as n

gets larger.
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n

an

an =
(−1)nn

n + 1

a) The sequence

{
1

2
,
2

3
,
3

4
, . . . ,

n

n + 1
, . . .

}
increase toward the number 1.

b) The sequence

{−1

2
,
2

3
,
−3

4
, . . . ,

(−1)nn

n + 1
, . . .

}
oscillate between 1 and −1.
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Properties of limits of sequences

The following properties of limits of sequence similar to those given for limits of functions.

Theorem .1: [Properties of limits of sequences]
Suppose {an} and {bn} are convergent sequences and c is a constant. Then

1. lim
n→∞(an + bn) = lim

n→∞ an + lim
n→∞ bn

2. lim
n→∞(anbn) = lim

n→∞ an · lim
n→∞ bn

3. lim
n→∞(an)p = [ lim

n→∞ an]p, p ∈ R and an > 0.

4. lim
n→∞

an

bn
=

lim
n→∞ an

lim
n→∞ bn

provided lim
n→∞ bn �= 0.

5. lim
n→∞(can) = c lim

n→∞ an.

6. lim
n→∞ c = c

7. lim
n→∞(an − bn) = lim

n→∞ an − lim
n→∞ bn

8. lim
n→∞

c

ns
= 0 s > 0.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Theorem .2: []
Let {an} be a sequence, let f(n) = an,
and suppose that f(x) exists for every
real number x ≥ 1.

1. If lim
x→∞ f(x) = L, then

lim
n→∞ f(n) = L

2. If lim
x→∞ f(x) = ∞ (or −∞), then

lim
n→∞ f(n) = ∞ (or −∞).

The converse of the above the-
orem is not true that is, if
lim

n→∞ f(n) = L, it may not be true

that lim
x→∞ f(x) = L. For example, the

sequence {sin (π/2 + 2nπ)} converges
to 1, but lim

x→∞ sin (π/2 + 2πx) DNE.
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y = f(x)

x

y
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y = sin (π/2 + 2πx)

an = sin (π/2 + 2πn)

x

y
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Example 3. Determine the convergence or divergence of the sequence
{

2n2

n2 + 1

}∞

n=1

Solution:

lim
n→∞

2n2

n2 + 1
= lim

n→∞
2n2 · 1

n2

(n2 + 1) · 1
n2

= lim
n→∞

2
1 + 1

n2

=
2

1 + 0
= 2 Use the fact lim

n→∞
c

ns
= 0

Hence
{

2n2

n2 + 1

}∞

n=1

is convergent to 2. �

Note 2: L’Hopital’s rule can be used for some sequences. Just as with functions, it can
be used when the quotient is either of indeterminate forms 0/0 or ∞/∞. In order to
differentiate, one needs a differentiable function.

Theorem .3: [Exponential Limit ]

1. lim
n→∞ rn = 0 if |r| < 1 2. lim

n→∞ |r|n = ∞ if |r| > 1.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 4. Determine the convergence or divergence of the sequence

1.
{

n2

n2 + 1

}∞

n=1

2.
{(

1 − 1
n

)n}∞

n=1

.

Solution:

1. Define f(x) =
x2

x2 + 1
for x > 0. Using L’Hopital’s Rule.

lim
x→∞ f(x) = lim

x→∞
x2

x2 + 1
L.R.= lim

x→∞
2x

2x

L.R.= lim
x→∞

2
2

= 1. So the sequence converges to 1.

2. This sequence is given an indeterminate form type: 1∞. Let A = lim
x→∞

(
1 − 1

x

)x

.

Then lnA = lim
x→∞ ln

(
1 − 1

x

)x

. So,

ln A = lim
x→∞

ln(1 − 1/x)
1/x

= lim
x→∞

d

dx
ln (1 − 1/x)❍?

−(1/x2)
= lim

x→∞
−1

(1 − 1/x)
= −1

Hence, ln A = −1 if and only if A = e−1. Thus lim
n→∞

(
1 − 1

n

)n

= e−1.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

Since
d

dx
ln (1 − 1/x) = 1/x2

(1−1/x) .
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Several limits occur so frequently in calculus and deserve to be high lighted as under:

1. lim
n→∞x1/n = 1, x > 0 2. lim

n→∞

(
1 +

x

n

)n

= ex 3. lim
n→∞n1/n = 1

4. lim
n→∞

xn

n!
= 0 5. lim

n→∞
ln n

n
= 0. 6. lim

n→∞ sin n, lim
n→∞ cosn DNE

7. lim
n→∞ tan−1 n =

π

2
8. lim

n→∞ ln n = ∞ 9. lim
n→∞n sin

(
1
n

)
= 1

10. lim
n→∞ tanhn = 1 11. lim

n→∞ an = ∞, a > 1 12. lim
n→∞ a−n = 0, a > 1

You should try to prove all those limits.

Theorem .4: [The Squeeze Theorem]
If {an}, {bn}, and {cn} are sequences with an ≤ bn ≤ cn for every n.
If lim

n→∞ an = L = lim
n→∞ cn, then lim

n→∞ bn = L.

Theorem .5: [Absolute Value Theorem]
Let {an} be a sequence. If lim

n→∞ |an| = 0, then lim
n→∞ an = 0.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 5. Determine the convergence or divergence of the sequence

1.
{

n cosn

n2 + 1

}∞

n=1

. 2.
{

n!
nn

}∞

n=1

.

Solution:

1. We know that

0 �
∣∣∣∣n cosn

n2 + 1

∣∣∣∣ � n

n2 + 1
.

lim
n→∞

n

n2 + 1
= lim

n→∞
1/n

1 + 1/n2
= 0 = lim

n→∞ 0.

Therefore,
{

n cosn

n2 + 1

}∞

n=1

converges to zero via the Squeeze Theorem.

2. We know n! = 1 · 2 · 3 · · · (n − 1) · n. Observe

0 � n!
nn

=
1 · 2 · 3 · · · (n − 1)n

n · n · n · · ·n · n︸ ︷︷ ︸
n−times

=
1
n
· 2
n
· 3
n
· · · n − 1

n
· n

n
� 1

n
.

lim
n→∞ 0 = 0 = lim

n→∞
1
n

. So by the Squeeze Theorem,
{

n!
nn

}∞

n=1

converges to zero.

�
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Example 6. Determine the convergence or divergence of the sequence

1.
{

(−1)nn

n2 + 1

}∞

n=1

. 2.
{

(−2)n

n!

}∞

n=1

.

Solution:

1. We know that ∣∣∣∣ (−1)nn

n2 + 1

∣∣∣∣ =
n

n2 + 1
.

lim
n→∞

∣∣∣∣ (−1)nn

n2 + 1

∣∣∣∣ = lim
n→∞

n

n2 + 1
= lim

n→∞
1/n

1 + 1/n2
= 0 = lim

n→∞ 0.

Therefore, lim
n→∞

∣∣∣∣ (−1)nn

n2 + 1

∣∣∣∣ = 0. Hence the sequence
{

(−1)nn

n2 + 1

}∞

n=1

converges to zero.

2.

0 <

∣∣∣∣ (−2)n

n!

∣∣∣∣ =
2n

n!
=

n−times︷ ︸︸ ︷
2 · 2 · 2 · · · 2

1 · 2 · 3 · · · (n − 1)n
=

2
1
· 2
2
· 2
3
· · · 2

(n − 1)
· 2
n

� 4
n

.

lim
n→∞ 0 = 0 = lim

n→∞
4
n

. So by the Squeeze Theorem,
{

2n

n!

}∞

n=1

converges to zero. Hence

lim
n→∞

∣∣∣∣(−2)n

n!

∣∣∣∣ = 0.

�
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Monotonic Sequences

Definition .3: [Nonincreasing and Nondecreasing Sequence]
Let {an} be a sequence.

1. If an ≤ an+1 for all n ≥ 1, then the sequence {an} is said to be nondecreasing
(increasing).

2. If an ≥ an+1 for all n ≥ 1, the sequence {an} is said to be nonincreasing(decreasing).
3. Finally, the sequence {an} is said to be monotone provided it is either nondecreasing

or nonincreasing.

Testing for Monotonicity

1. Let {an} be a sequence.
• If an+1 − an ≥ 0, then {an} is nondecreasing.
• If an+1 − an ≤ 0, then {an} is nonincreasing.

2. Let {an} be a sequence with an ≥ 0.

• If
an+1

an
≥ 1, then {an} is nondecreasing.

• If
an+1

an
≤ 1, then {an} is nonincreasing.

3. Let {an} be a sequence. Suppose that f is differentiable and an = f(n).
• If f ′(x) ≥ 0, then {an} is nondecreasing.
• If f ′(x) ≤ 0, then {an} is nonincreasing.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 7. Investigate whether the given sequence monotonic or not,

1.
{

3n

n!

}∞

n=1

. 2.
{

n

n + 3

}∞

n=1

.

Solution:

1. Since an =
3n

n!
> 0, then

an+1

an
=

3n+1

(n + 1)!
3n

n!

a
b
c
d

=
a

b

d

c

=
3n+1

(n + 1)!
· n!
3n

(n + 1)! = (n + 1)n!

=
3��3n

(n + 1)��n!
��n!
��3n =

3
n + 1

< 1, n ≥ 3.

Hence the sequence is nonincreasing(decreasing).

2. Let f(x) =
x

x + 3
, x ≥ 1. Now, f ′(x) =

(x + 3)(1) − x(1)
(x + 3)2

=
3

(x + 3)2
> 0. Hence f

is an increasing. Therefore the sequence is a nondecreasing(increasing).

�
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Bounded Sequences

Definition .4: [Bounded Sequence]
Let {an} be a sequence.

1. The sequence {an} is said to be bounded above (or bounded below) provided there is
a number M for which an ≤ M (or an ≥ M) for all values of n.

2. The sequence {an} is said to be bounded, provided it is both bounded above and
bounded below. Otherwise, it is said to be unbounded.

Theorem .6: [Monotonic and Bounded Sequences]
Every bounded, monotonic sequence converges.

Note 3: Every convergent sequence is bounded. The sequences {(−1)n}, {sinn} are exam-
ples for divergent bounded sequences.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 8. Show that the given sequence is bounded,

1.
{

2n − 1
n + 1

}∞

n=1

. 2.
{
e1/n

}∞
n=1

.

Solution:

1.

|an| =
∣∣∣∣2n − 1

n + 1

∣∣∣∣ 2n − 1 < n, n + 1 > n ⇒ 1/n + 1 < 1/n

=
2n − 1
n + 1

≤ 2n

n
= 2

Thus |an| ≤ 2. Hence the sequence is bounded.

2. Since 0 < 1
n ≤ 1, for all n and since f(x) = ex is increasing, then Now, e0 ≤ e1/n ≤ e.

Hence the sequence is bounded.

�
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