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3. Functions and Their Graphs

Definition 3.1: [Function]
A function 𝑓 from a set 𝐷 to a set 𝑌 is a rule which assigns to each element 𝑥 of the set 𝐷 a
unique element 𝑓(𝑥) of the set 𝑌. We write 𝑦 = 𝑓(𝑥). This is read ” 𝑦 equals 𝑓 of 𝑥. ” 𝐷 the
set of possible inputs or the set of values of 𝑥 is called the domain of the function 𝑓. We will
use 𝐷(𝑓) to denoted the domain of 𝑓. The range of a function 𝑓 is the set {𝑓(𝑥) : 𝑥 ∈ 𝐷}. In
other words, the range is the set of possible outputs. We will use 𝑅(𝑓) to denoted the range
of 𝑓. The range is a subset of 𝑌. 𝑥 is called an independent variable, 𝑦 is called a dependent
variable.

Example 1. Let 𝑓(𝑥) = 𝑥2 − 𝑥 + 3. Find the following

1. 𝑓(0) 2. 𝑓(1) 3. 𝑓(−1)

4. 𝑓(2) 5. 𝑓(3) 6. 𝑓(−2)

Solution:

1. 𝑓(0) = (0)2 − 0 + 3 = 3 2. 𝑓(1) = (1)2 − 1 + 3 = 3

3. 𝑓(2) = (2)2 − 2 + 3 = 5 4. 𝑓(−1) = (−1)2 − (−1) + 3 = 5

5. 𝑓(3) = (3)2 − 3 + 3 = 9 6. 𝑓(−2) = (−2)2 − (−2) + 3 = 9

□

    ▲ ◀ ▶ ▼   ■
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3.1. Graphs of Functions

By the graph of a function 𝑓, we mean the graph of the equation 𝑦 = 𝑓(𝑥). Notice that
not every curve is a graph of a function, because for a function at any given value of 𝑥 we
should have only one value of 𝑦. We use the vertical line test to determine whether the
the curve is a graph of a function or not. vertical line test:

?
if any vertical line intersects

the graph in more than one point, the curve is not the graph of a function

y

x

The graph represents a function.

y

x

This graph does not represent a function.
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The graph of a function 𝑓 gives us a good
way to understand the behavior of a func-
tion. Since the 𝑦-coordinate of any point
(𝑥, 𝑦) on the graph is 𝑦 = 𝑓(𝑥), we can

use this to see the value of 𝑓(𝑥)
?

as the
hight of the graph above or below the 𝑥-
coordinate. The graph of a function 𝑓 al-
lows us to picture the domain of 𝑓 on the
𝑥− axis and range of 𝑓 on 𝑦−axis. To check
if a number 𝑎 is in the domain of 𝑓 draw
the vertical line through 𝑎 (the line 𝑥 = 𝑎)
and if it is intersecting the graph, then
𝑎 ∈ 𝐷(𝑓), if not then 𝑎 /∈ 𝐷(𝑓). Also to
check if a number 𝑏 is in the range draw the
horizontal line through 𝑏 ( the line 𝑦 = 𝑏 )
and if it intersects the graph, then 𝑏 ∈ 𝑅(𝑓)
and if the line 𝑦 = 𝑏 does not intersect the
graph, then 𝑏 /∈ 𝑅(𝑓). Applying this to the
function graphed to the right we can see
that domain 𝑓 is 𝐷(𝑓) = (−∞,−2] ∪ [2, 4]
and range 𝑓 is 𝑅(𝑓) = (−∞, 0] ∪ [1, 3].

1

2

3

-1

-2

-3

1 2 3 4-1-2-3-4-5

𝑥

𝑦

𝑦 = 𝑓(𝑥)

Domain of 𝑓 -5.0 Range of 𝑓 -1.5Domain of 𝑓 -4.87 Range of 𝑓 -1.44Domain of 𝑓 -4.75 Range of 𝑓 -1.37Domain of 𝑓 -4.62 Range of 𝑓 -1.31Domain of 𝑓 -4.5 Range of 𝑓 -1.25Domain of 𝑓 -4.37 Range of 𝑓 -1.19Domain of 𝑓 -4.25 Range of 𝑓 -1.12Domain of 𝑓 -4.12 Range of 𝑓 -1.06Domain of 𝑓 -4.0 Range of 𝑓 -1.0Domain of 𝑓 -3.87 Range of 𝑓 -0.94Domain of 𝑓 -3.75 Range of 𝑓 -0.87Domain of 𝑓 -3.62 Range of 𝑓 -0.81Domain of 𝑓 -3.5 Range of 𝑓 -0.75Domain of 𝑓 -3.37 Range of 𝑓 -0.69Domain of 𝑓 -3.25 Range of 𝑓 -0.62Domain of 𝑓 -3.12 Range of 𝑓 -0.56Domain of 𝑓 -3.0 Range of 𝑓 -0.5Domain of 𝑓 1.75 Range of 𝑓 -0.12Domain of 𝑓 1.88 Range of 𝑓 0.47Domain of 𝑓 2.0 Range of 𝑓 1.0Domain of 𝑓 2.13 Range of 𝑓 1.47Domain of 𝑓 2.25 Range of 𝑓 1.88Domain of 𝑓 2.38 Range of 𝑓 2.22Domain of 𝑓 2.5 Range of 𝑓 2.5Domain of 𝑓 2.63 Range of 𝑓 2.72Domain of 𝑓 2.75 Range of 𝑓 2.88Domain of 𝑓 2.88 Range of 𝑓 2.97Domain of 𝑓 3.0 Range of 𝑓 3.0Domain of 𝑓 3.13 Range of 𝑓 2.97Domain of 𝑓 3.25 Range of 𝑓 2.88Domain of 𝑓 3.38 Range of 𝑓 2.72Domain of 𝑓 3.5 Range of 𝑓 2.5Domain of 𝑓 3.63 Range of 𝑓 2.22Domain of 𝑓 3.75 Range of 𝑓 1.88Domain of 𝑓 3.88 Range of 𝑓 1.47Domain of 𝑓 4.0 Range of 𝑓 1.0
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Example 2. Use the graph of the function 𝑦 = 𝑓(𝑥)
to find

1. 𝑓(0) 2. 𝑓(1)

3. 𝑓(2) 4. 𝑓(3)

5. domain of
𝑓(𝑥)

6. range of 𝑓(𝑥)

1

2

3

4

5

-1 1 2 3 4-1-2-3-4-5

𝑥

𝑦

𝑦 = 𝑓(𝑥)

Solution:

1. 𝑓(3) = 1 ? 2. 𝑓(2) = 4 ?

3. 𝑓(1) = 5 ? 4. 𝑓(0) = 4 ?

5. 𝐷(𝑓) = [−1, 4] ? 6. 𝑅(𝑓) = [0, 5] ?

□

    ▲ ◀ ▶ ▼   ■
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3.2. Piecewise-Defined Functions

Sometimes a function is described by using different formulas on different parts of its domain.
One example is the absolute Value function 𝑓(𝑥) = ∣𝑥∣.

∣𝑥∣ =

{
𝑥, if 𝑥 ≥ 0;
−𝑥, if 𝑥 < 0.

?

Example 3. Let 𝑓(𝑥) =

⎧⎨
⎩

−𝑥, if 𝑥 < 0;
𝑥2, if 0 ≤ 𝑥 ≤ 1;
1, if 𝑥 > 1.

?

Find 𝑓(−2), 𝑓(0), 𝑓(1), and 𝑓(3).

Solution:

𝑓(−2) = −(−2) = 2 since − 2 < 0.

𝑓(0) = (0)2 = 0 since 0 ≤ 0 ≤ 1.

𝑓(1) = (1)2 = 1 since 0 ≤ 1 ≤ 1.

𝑓(3) = 1 since 3 > 1.

□

    ▲ ◀ ▶ ▼   ■
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Example 4.
Write a formula for the function
𝑦 = 𝑓(𝑥) showed to the right

1

2

-1
1 2-1

��

� �

�

𝑦

𝑥

Solution: To find a formula we need to find an equation for the line segment connecting
(0, 0) to (1, 1) and an equation for the line segment connecting (1, 0) to (2, 1).

For the line segment from (0, 0) to (1, 1): 𝑚 =
1 − 0

1 − 0
and the point (0, 0)

𝑦− 𝑦1 = 𝑚(𝑥−𝑥1) ⇒ 𝑦− 0 = 1(𝑥− 0) ⇒ 𝑦 = 𝑥 This segment includes 𝑥 = 0 but not 𝑥 = 1.
Hence 0 ≤ 𝑥 < 1 on this segment.

For the line segment from (1, 0) to (2, 1): 𝑚 =
1 − 0

2 − 1
= 1 and the point (1, 0)

𝑦− 𝑦1 = 𝑚(𝑥−𝑥1) ⇒ 𝑦− 0 = 1(𝑥− 1) ⇒ 𝑦 = 𝑥− 1 This segment includes 𝑥 = 1 and 𝑥 = 2.

Hence 1 ≤ 𝑥 ≤ 2 on this segment. Thus 𝑓(𝑥) =

{
𝑥, if 0 ≤ 𝑥 < 1;
𝑥− 1, if 1 ≤ 𝑥 ≤ 2.

□

    ▲ ◀ ▶ ▼   ■



Functions and Their Graphs c⃝Hamed Al-Sulami 8/20

the function whose value at any number 𝑥 is the greatest integer less than or equal to 𝑥 is
called the greatest integer function and it is denoted by ⌊𝑥⌋? . Observe that

⌊2.4⌋ = 2 ⌊1.9⌋ = 1 ⌊0.4⌋ = 0 ⌊0⌋ = 0

⌊2⌋ = 2 ⌊−0.4⌋ = −1 ⌊−2.4⌋ = −3 ⌊−4⌋ = −4

    ▲ ◀ ▶ ▼   ■
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3.3. Types of Functions

Definition 3.2: [Polynomial Functions]
A function the form

𝑓(𝑥) = 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−1𝑥

𝑛−1 + ⋅ ⋅ ⋅ + 𝑎2𝑥
2 + 𝑎1𝑥 + 𝑎0, 𝑎𝑛 ∕= 0,

is called a polynomial where 𝑛 is nonnegative integers and 𝑎𝑛, 𝑎𝑛−1, ⋅ ⋅ ⋅ , 𝑎2, 𝑎1, 𝑎0 are con-
stants called the coefficients of the polynomial. The domain of the polynomial is the real
numbers ℝ and the degree of the polynomial is 𝑛.

Note 1: The domain of any polynomial is the set of real numbers ℝ = (−∞,∞) and the
range is subset of ℝ. Some of the polynomials have spacial names and they are known by
those name. The following simpler forms are often used.

Zeroth degree: 𝑓(𝑥) = 𝑎 Constant function.

First degree: 𝑓(𝑥) = 𝑎𝑥 + 𝑏 Linear function.

Second degree: 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 Quadratic function.

Third degree: 𝑓(𝑥) = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 Cubic function.

    ▲ ◀ ▶ ▼   ■
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The Figures below show the graphs of the basic polynomials. You should be able to recognize
these graphs and be able to sketch them.

1
2
3

−1
−2
−3

1 2 3−1−2−3

y = x

x

y

1

2

3

4

−1
1 2−1−2−3

y = x2

x

y

1

2

−1

−2

−3

1 2−1−2−3

y = x3

x

y

Example 5. Find the domain of 𝑓(𝑥) = 2𝑥2 − 𝑥 + 1, and 𝑔(𝑥) = 2/3𝑥7 − 8/
√

2𝑥3 − 7.

Solution: Since 𝑓(𝑥) = 2𝑥2 − 𝑥 + 1, and 𝑔(𝑥) = 2/3𝑥7 − 8/
√

2𝑥3 − 7 are polynomials then

𝐷(𝑓) = ℝ = 𝐷(𝑔).

□

    ▲ ◀ ▶ ▼   ■
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Definition 3.3: [Rational Functions]

A function is called rational function, if 𝑓(𝑥) =
𝑝(𝑥)

𝑞(𝑥)
where 𝑝(𝑥), 𝑞(𝑥) are polynomial func-

tions. The domain of the rational function is

𝐷(𝑓) = ℝ ∖ {𝑥 ∣ 𝑞(𝑥) = 0} = ℝ ∖ { zeroes of 𝑞(𝑥)}.

Below is the graphs of some rational functions,

1

2

3

4

−1

−2

−3

−4

1 2 3−1−2−3−4

y =
1

x

x

y

1

2
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−1
1 2 3−1−2−3−4

y =
1

x2

x

y

    ▲ ◀ ▶ ▼   ■
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Note 2: For some reason, students think that any function, which has variables in a
denominator, is a rational function. This is not true. For example, the function

𝑓(𝑥) =
𝑥− 1√
𝑥 + 4

is not a rational function beacons its denominator is not a polynomial. So

a rational function has to have a polynomial in its numerator and its denominator.

Example 6. Find the domain of the following function 𝑓(𝑥) =
𝑥

8 − 2𝑥

Solution: We have a rational function, find the zeros of the bottom,
8 − 2𝑥 = 0, 𝑥 = 4. Hence 𝐷(𝑓) = ℝ ∖ {4} = (−∞, 4) ∪ (4,∞). □

Example 7. Find the domain of 𝑓(𝑥) =
𝑥2 + 1

12𝑥2 − 60𝑥 + 72

Solution: Set 12𝑥2 − 60𝑥 + 72 = 0,

12(𝑥2 − 5𝑥 + 6) = 0

12(𝑥− 3)(𝑥− 2) = 0 factoring

𝑥− 3 = 0 or 𝑥− 2 = 0 12 ∕= 0

𝑥 = 3 or 𝑥 = 2

Hence 𝐷(𝑓) = ℝ ∖ {2, 3} = (−∞, 2) ∪ (2, 3) ∪ (3,∞). □

    ▲ ◀ ▶ ▼   ■
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Definition 3.4: [Root Functions]

1. A function is called an even root function, if 𝑓(𝑥) = 𝑛
√
𝑝(𝑥) where 𝑝(𝑥) is polynomial

and 𝑛 is an even positive integers. The domain of the even root function is

𝐷(𝑓) = {𝑥 : 𝑝(𝑥) ≥ 0}.

2. A function is called an odd root function, if 𝑓(𝑥) = 𝑛
√
𝑝(𝑥) where 𝑝(𝑥) is polynomial

and 𝑛 ≥ 3 is an odd positive integers. The domain of the odd root function is the real
numbers

𝐷(𝑓) = ℝ.

Below is the graphs of the square root function as an example of even root function and the
cubic root function as an example of an odd root function.

1

2

−1

1 2 3 4−1

y =
√

x

x

y

1

−1

−2

1 2 3−1−2−3−4

y = 3
√

x

x

y

    ▲ ◀ ▶ ▼   ■



Functions and Their Graphs c⃝Hamed Al-Sulami 14/20

Example 8. Find the domain of 𝑓(𝑥) =
√

9 − 𝑥2.

Solution: We have an even root function, the domain consists of all numbers 𝑥 such that,
9 − 𝑥2 ≥ 0.

9 − 𝑥2 ≥ 0 ⇔9 ≥ 𝑥2 move 𝑥2 to the other side

⇔𝑥2 ≤ 9 rewrite the inequality

⇔
√
𝑥2 ≤ 3 take the square root

⇔∣𝑥∣ ≤ 3
√
𝑥2 = ∣𝑥∣ use properties of

⇔− 3 ≤ 𝑥 ≤ 3 absolute value inequality

Hence 𝐷(𝑓) = [−3, 3].

1

2

3

4

−1
1 2 3−1−2−3−4

y =
√

9 − x2

x

y

domain of f

□

    ▲ ◀ ▶ ▼   ■
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Example 9. Find the domain of 𝑔(𝑥) = 3
√

1 − 𝑥

Solution:

We have an odd root function, the domain consists of all real numbers. Hence 𝐷(𝑔) = ℝ.

1

2

3

4

-1

-2

-3

-4

-5

1 2 3 4-1-2-3-4-5

𝑥

𝑦

□

    ▲ ◀ ▶ ▼   ■
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Definition 3.5: [Reciprocal Root Functions]

1. A function is called a reciprocal even root function, if 𝑓(𝑥) =
1

𝑛
√
𝑝(𝑥)

where 𝑝(𝑥)

is polynomial and 𝑛 is an even positive integers. The domain of the reciprocal even
root function is

𝐷(𝑓) = {𝑥 : 𝑝(𝑥) > 0}.

2. A function is called a reciprocal odd root function, if 𝑓(𝑥) =
1

𝑛
√
𝑝(𝑥)

where 𝑝(𝑥)

is polynomial and 𝑛 ≥ 3 is an odd positive integers. The domain of the reciprocal odd
root function is the real numbers

𝐷(𝑓) = ℝ ∖ {𝑥 ∣ 𝑝(𝑥) = 0}.

Example 10. Find the domain of 𝑓(𝑥) =
1

3
√

9 − 𝑥2
.

Solution: We have a reciprocal odd root function, the domain consists of all numbers 𝑥
except, 9 − 𝑥2 = 0 ⇔ 𝑥2 = 9 ⇔ 𝑥 = ±3.
Hence 𝐷(𝑓) = ℝ ∖ {−3, 3} = (−∞,−3) ∪ (−3, 3) ∪ (3,∞). □

    ▲ ◀ ▶ ▼   ■
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Example 11. Find the domain of 𝑓(𝑥) =
1√

9 − 𝑥2
.

Solution: We have a reciprocal even root function, the domain consists of all numbers 𝑥
such that, 9 − 𝑥2 > 0.

9 − 𝑥2 > 0 ⇔9 > 𝑥2 move 𝑥2 to the other side

⇔𝑥2 < 9 rewrite the inequality

⇔
√
𝑥2 < 3 take the square root

⇔∣𝑥∣ < 3
√
𝑥2 = ∣𝑥∣ use properties of

⇔− 3 < 𝑥 < 3 absolute value inequality

Hence 𝐷(𝑓) = (−3, 3). □

    ▲ ◀ ▶ ▼   ■
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Definition 3.6: [𝑥-intercepts and 𝑦-intercept]

1. The values of 𝑥 for which a curve intersects
?

the
𝑥-axis are called zeros of the curve, the roots

?
,

or the 𝑥-intercepts of the curve. To find the 𝑥-
intercepts of curve set 𝑦 = 0.

2. The values of 𝑦 for which a curve intersects
?

the
𝑦-axis are called 𝑦-intercept . To find the 𝑦-
intercepts of curve set 𝑥 = 0.

Example 12. Find the 𝑥−intercept and the
𝑥−intercept of the
3𝑦 − 5𝑥 = 30

Solution: To find 𝑥-intercept set 𝑦 = 0
3(0) − 5𝑥 = 30 ⇔ −5𝑥 = 30 ⇔ 𝑥 = −6.
To find the 𝑦-intercept set 𝑥 = 0
3𝑦 − 5(0) = 30 ⇔ 3𝑦 = 30 ⇔ 𝑦 = 10
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    ▲ ◀ ▶ ▼   ■
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Symmetry

Definition 3.7: [Even and Odd Functions]

1. A function 𝑓 is called an even function if, for each 𝑥 in the domain of 𝑓, 𝑓(−𝑥) = 𝑓(𝑥).

2. A function 𝑓 is called an odd function if, for each 𝑥 in the domain of 𝑓, 𝑓(−𝑥) = −𝑓(𝑥).

�� | |

f(x)f(−x) = =

y

xx−x

�

�

|

|
f(x)

f(−x) =

=

y

xx

−x

Saying a function 𝑦 = 𝑓(𝑥)
is even function is equiva-
lent to saying that its graph
is symmetric about the 𝑦-
axis. Since 𝑓(−𝑥) = 𝑓(𝑥),
the point (𝑥, 𝑦) lies on the
curve if and only if the point
(−𝑥, 𝑦) lies on the curve.

Saying a function 𝑦 = 𝑓(𝑥) is odd func-
tion is equivalent to saying that its graph is
symmetric with respect to the origin. Since
𝑓(−𝑥) = −𝑓(𝑥), the point (𝑥, 𝑦) lies on the
curve if and only if the point (−𝑥,−𝑦) lies
on the curve.

    ▲ ◀ ▶ ▼   ■
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Example 13. Determine whether the function is odd, even, or neither.

1. 𝑓(𝑥) = 𝑥2 − 𝑥4? 2. 𝑓(𝑥) = 𝑥5 − 𝑥
?

3. 𝑓(𝑥) = 𝑥2 − 𝑥 + 1
?

Solution:

1. Since 𝑓(−𝑥) = (−𝑥)2 − (−𝑥)4 = 𝑥2 − 𝑥4 = 𝑓(𝑥), then 𝑓 is an even function.

2. Since 𝑓(−𝑥) = (−𝑥)5 − (−𝑥) = −𝑥5 + 𝑥 = −(𝑥5 − 𝑥) = −𝑓(𝑥), then 𝑓 is an odd
function.

3.

𝑓(−𝑥) = (−𝑥)2 − (−𝑥) + 1

= 𝑥2 + 𝑥 + 1 ∕=𝑓(𝑥) not even

= −(−𝑥2 − 𝑥− 1) ∕= − 𝑓(𝑥) not odd

Hence 𝑓 is neither.

□

    ▲ ◀ ▶ ▼   ■
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