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‘ Definition 5.1:‘ Let {a,}o2; be a sequence of real numbers.

oo
Wecallas +as+---+a,+--= Z an an infinite series , and a,, is the nth term of the series .
n=1
For n > 1, let
S1 = ay,

So = a1 +ax =51 +as,

S3 = a1 +az +az = Sz + as,

Sn:a1+a2+"'+an: n—1+t an.

(o] o0
We call the sequence {S,}n; the sequence of partial sum of Z an. We say that Z a, converges to a real number

n=1 n=1

o0 oo

S, and we write Z a, = S if the sequence {S,}.2; converge to S [ lim S,, = S]. We say that Z an, diverges if the
ot n— o0 —_

sequence {S,}52 diverges.

o0
‘ Ezample 5.1:‘ Consider the series Z(—l)”. Discuses the convergence of the series.

n=1

Solution:

Let us find the sequence of partial sum. Note that S,, =a; +as+ -+ a, = Sp_1 + an
Sl = a; = —1,
So=a1+ay=5 +a=-1+1=0,

S3=a1+ax+az3=52+a3=0-1,

0, if n is even;

—1, if n is odd.

(oo}
Hence lim S, does not exist . Therefore Z(—l)" diverges .
n—oo o
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o0
Example 5.2:| Consider the series Z 27", Discuses the convergence of the series.

n=1

Solution:

Let us find the sequence of partial sum.

1
51:a1:§7
1 1
52:§+2—2,
1 1 1
S3 = —
=t o
S —1+1+ + ! +1
"9 922 on—1 on’
1 1 1 1
Now, 28, = 145 + 35+ + 505 + 5oy

L R R S T

L
2n
1

H =1-—.
ence S, om

1
Hence hm Sy, = lim [1 - 2—] = 1. Therefore Z 27" converges and

n—o00
n=1

| Remark 5.1: | If {a,} is an increasing sequence of positive real numbers, then

(i) li_>m a, =sup{a, : n € N}, if {a,} is bounded,
(ii) li_>m an = oo, if {a,} is unbounded.

(iii) If {an,} is an unbounded subsequence of {a,}, then {a,} is unbounded.

| Lemma 5.1: [Harmonic Series]

o0
1
The series E — is divergent.
n

n=1

Proof: For each n > 1 we have S, 11 > S,. Thus {S,} is an increasing sequence. We will try to find a subsequence
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of the sequence of partial sum that is unbounded.

So0 =51 =1,

1
521252:1+§,

1 1 1 1 1 1 1 1 1 2
So2 = Sy = +2+3+4 Sgl+|:3+4:|>521+|:4—|—4:| +2+2 +2,

1 1 1 1 1 2 4 1 3
Sos =Sg =1+ -+ ——S S -+ -4 = l+4-4+=-=1+-+=-=1+ =
23 ] +2+ 22+|:+ + = +8:|> 22+|:8+8+8+8:|> +2+8 +2+2 +2,

1 1
SQn—1+§+ +2_n>1+§

Now, the subsequence {S2»} of the sequence {5, } is unbounded. Hence {5, } is unbounded.

(o]
1
Therefore lim S,, = co, and the series E — is divergent.
n—oo n

n=1

[ |
[Geometric Series]
a
Th if and only if |a] < 1 and .
e series nzzl a" converges if and only if |a] an Z_: a” =13
Proof: 1If |a] > 1, we have lim a" does not exist and if |a| < 1 = hm a” = lim a"* =0.
n—oo n— oo
:Zak:a+a2+...+a”
aS, =a®+---+a" +a"",
Sp—aS,=[a+a*+---+a"]—[a®>+ - +a" +a",
a— an+1
Sp(1—a) =a—a""t. Hence S, = g if a # 1.
—a
_ . n+l
Now, lim S, = lim &2
n— 00 n—oo 1 —a
a n
“Toaannt )
a . .
, if and only if |a| < 1;
— 1—a
does not exist , if and only if |a| > 1.
Ifa=1, S, :Zak =a+a’+---+a" =n and hence , lim S, = lim n = cc.
n—oo n—oo
Therefore Z a™ converges and Z a"=—2 ifand only if |a] < 1.
n=1 n=1 —a
[ |
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| Theorem 5.1:| [The Cauchy Criterion]

The series Z a,, converges if and only if for each € > 0 there is an N € N such that

n=1

m>n>N = < €.

m
>
k=n-+1

Proof: Let {S,} be the sequence of partial sum of Z an, and let € > 0 be given

n=1

(oo}
The series E x, converges < the sequence {S,} converges

n=1

< the sequence {S,} is Cauchy sequence

<3INeN>s ifm>n>N=|S, -5, <e

m n
&3INeNs ifm>n>N= Zak—Zak <e
k=1 k=1

n m n
s3INeNs ifm>n>N= ak+Zak— ag| < e
k=1 k=n-+1 k=1

&3INeNs ifm>n>N= Z ag

<€
k=n-+1
||
| Theorem 5.2:| [Divergence Test]
o0
If Z a, converges, then
n=1
lim a, = 0.
n—roo
(oo}
Proof: Let {S,} be the sequence of partial sum of Z an. Note that a, = S,, — S,—1.
- n=1
Now, since Z ay converges, then lim S, exist and lim S, = lim S,_;. Hence lim a, = lim [S, — S,—1] = 0.
o n—r oo n—roo n—roo n—r oo n—roo
||

| Remark 5.2: | If lim a, # 0, then Z a, diverges.
n—o0

n=1

o0
1
Note 5.1:| Notice that lim a,, = 0 does not imply the convergence of E an. For example lim — = 0, but the
n— oo n—oo n

n=1
[eS)

n=1

(Harmonic series )is divergent.

S|

| Theorem 5.3:| [Integral Test]

oo
Let f be a positive, decreasing, and integrable on [1,00) and let a,, = f(n). Then the series Z an converges if and

n=1

only if / f(x) dx converges.
1

Proof: Let {S,} be the sequence of partial sum of Z a,. Note that a,, = S,, — Sp—1.

n=1
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Figure 1: U(f, P,) Figure 2: L(f, P,)

Now, since / f(z) dx converges, then / f(x)drexist Vn>1.Let P, ={1<2<3---<n—1<n} be a partition
1 1

of the interval [1,n]. Now, since f is integrable on [1,n], then

s < | " f@)de < U(S.P).

For the partition P, = {1 <2< 3--- <n—1<n}, we have M}, = f(k—1) and my = f(k) because f is decreasing
also we have Az, =k —(k—1)=1 k=2,3--- n.
Hence

n

U(f, Pa) = MLy
k=2

=3 f(k—1)Axy
k=2

=> ar-1(1)

k=2
=ay1+az+ -+ an_1

=Sh-1.
Also,
L(f, Pn) = Z mkAxk
k=2
= f(k) Ay
k=2

= ar(1)
k=2

=ag + a3+ ---+ap
=a; t+ax+az+---+ap—a1

:Sn —ai.
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Hence we have

Sn—alg/ flx)de < S,_1.
1

oo
Now, if E an converges, then lim S, = lim S,_; exist and hence
1 n— 00 n— 00
n—=

lim f(x)dx z/ flz)dx < li_>m Sp—1 < 0.
1 n o0

n—roo 1

Thus / f(x) dx converges.
1

Also, if / f(x) dx converges, then
1

n—r oo

lim S,, —a; S/nf(m)dmg/oof(m)dm<oo.
1 1

Thus
lim S, < co.
n—oo
Thus the sequence {S,,} converges and hence Z a, converges
n=1
||
‘ Theorem 5.4:‘ [p—Series Test]
1
The series Z — converges if and only if p > 1.
n=1 ne
1
Proof: 1If p =1 we have the Harmonic series which is divergent. If p < 0 we have lim a, = lim — = oo # 0,

n—o0 n—oo NP

o]
1 1
hence E — diverges by Divergence test. Now, if p > 0 consider the function f(z) = — T2 1 then f is positive,
n x
n=1
decreasing, and integrable. Hence we can use the Integral test

o0 1 n
/ —dz = lim z Pdx
1

xP n—o0 Jq

nt=P —1
= lim [17} this limit has a finite value
p

S1-p<0

Sp>1

o0
1
Hence E — converges <p > 1.
n

n=1

| Theorem 5.5:| [Comparison Test]

Suppose that 0 < a,, < b,V n > 1.

(i) If Z b, converges, then Z ay, converges.| if the bigger converges = the smaller converges]
n=1 n=1
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(i) If Z a, diverges, then Z by, diverges.[ if the smaller diverges = the bigger diverges]

n=1 n=1

Proof: Let {S,} be the sequence of partial sum of Z ap, and let {T,} be the sequence of partial sum of Z by,

n=1 n=1
Now, since a,, < b,, we have S,, < T,.

o0
i) If Z b, converges, then nh_)rrgo T,, exist and since S,, < T,, we have

n=1

lim S, < hm T,, < co. Thus {T},} converges. Hence Zan converges.

n—r oo

n=1
(ii) If Z a, diverges, then since {5, } is an increasing positive sequence, we have lim S,, = co. Hence lim 7, = oc.
n— o0 n—oo
n=1
Thus {T},} is divergent and hence Z b, diverges.
n=1
||
Example 5.3:‘ Determine whether the given series converges or diverges
1.
> o
VL
2.
T
— n2+2n+3
Solution:
1.
. 1 Inn . . . .
Since 1l <lnn Vn>3=— < — Vn>3|if the smaller diverges = the bigger diverges|
vnoon
Now, since i — i Ll -series with p = L < 1, diverges, then Z dlvergeb by Comparison Test.
el \/_ el nz 2 el \/_
2.
1 1
3 3
2 3> =2—0——"-"—-< —
me et T Y om +3 nd
1
ém < % =3 [ if the bigger converges = the smaller converges]
o0 1 o0
Now, since Z ) p-series with p = 2 > 1, converges, then ; m converges by Comparison Test.
||

| Theorem 5.6: | [Limit Comparison Test]

a
Suppose that a,,b, > 0V n >1,and 0 < lim — = ¢ < co. Then the two serlesz bn, Z an are both converge or
nree bn n=1 n=1

diverge.
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Proof:

Since lima—nzc .. d NeN>

n—oo by,

29

ifn>N =

C
= -—-< 2 -—c< =
ifn>N=

ifn>N =

o] o0
c
Case I: if E a, converges. Since 5bn < @, then E b,, converges by Comparison Test.

n=1 n=1
oo 3 oo

Case II: if Z an diverges. Since a, < ?Cbn, then Z b, diverges by Comparison Test.
n=1 n=1

3c

(o] o0
Case III: if Z b, converges. Since a,, < > by, then Z a,, converges by Comparison Test.

n=1 n=1

o0 oo
Case IV: if Z b, converges. Since gbn < ay, then Z a,, diverges by Comparison Test.

n=1 n=1
||
‘ Example 5.4:‘ Determine whether the given series converges or diverges
1.
) | ( 1 )
S sin (L
n=1 n
2.
o0
>,
nd—n+1
n=1
Solution:
1. )
1 1 a sin (-
Let a,, = sin <—> and b, = —. Now, since lim — = lim 1(”) =1, and since
n n n—00 0y n— 0o =
1 > 1
Z —  p-series with p = 1, diverges , then Z sin (—) diverges by Limit Comparison Test
n=1 " n=1 n
2.
n 1 . T e S n’ ~
Let a, = — and b, = — = —. Now, since lim —— = lim ———— = lim ———— =1, and since
nd—n+1 n n n—o0 by, n—o00 o n—oond —n+1
o0 o0
1 . . n . .
Z ) p-series with p =2 > 1, converges , then Z S converges by Limit Comparison Test
n=1 n=1
||
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o0
‘Deﬁm’tion 5.2:‘ Let {an},=; be a sequence of positive real numbers. Series of the form Z(—l)”“an or

n=1

o0

Z(—l)"an is called alternating series.

n=1

‘ Theorem 5. 7:‘ [ Alternating Series Test]

The series Z(—l)"“an converges if the following hold

n=1

1. a, >0
2. ap Z An 41

3. lim a, =0
n— 00

o0
Proof: Let {S,} be the sequence of partial sum of Z an
n=1
SQ =a; — a2 Z O, because a1 Z a9
Sy =a1 —as+as—ag = (a1 —a2) + (as — aq) > 0, because a1 > a2 and as > a4
Son =a1 —az+az —ag+ -+ a1 — az, = (a1 — az) + (a3 — ag) + - + (a2n—1 — az,) >0,
because a,, > an41

Hence Ss,, > 0.
Also,

Ss = a1 — as < ay because a; > 0
Sy = a1 — (az — as) — ag < ay, because as —az > 0 and ag > 0
:7
Son = a1 — (ag —as) — (ag —as) — -+ — (agp—2 — agp—1) — az, < a1, because a, > a,+1 and a, >0

Hence Ss, < a;.
Thus the subsequence {Ss,} is an increasing bounded and hence it converges.
Thus lim Sy, exist. Now, since Sap+1 = Son + @241 and lim agpy; = lim a, =0,
n—oo n—oo n—oo

then we have lim So,+1 = lim Sy, + lim ag,11 = lim So, + 0= lim Ss,.
n— o0 n—r 00 n—r 00 n—r 00 n—r 00

Now, since the two subsequences {S2,} and {S2,+1} converge to the sam limit , then {S,} converges to that limit

o0
and hence the series Z(—l)"“an converges.

n=1

Example 5.5:‘ Determine whether the given series converges or diverges
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1.
>k
n=1 n
2.
>k
4n
n=1
Solution:
1.
1 1 1 1 . 1
Let a, = —. Thena, =— >0 VneN. Also, a1 = —— < —=ap, and lim a, = lim — = 0.
n n n-+1 n n— 00 n—oo N
o0 _1 n
Hence Z u converges by Alternating Series Test
n
n=1
2.
Let 1Th 1>0V€NA1 1<1 d 1 li L 0
et a, = — Then a,, = — n . Also, ap 1= —— < —=ay,, and lim a, = lim — = 0.
4n qn +1 4n+1 4n n—00 n—oo 4mn

o0

_1)n

Hence Z ( 4n) converges by Alternating Series Test
n=1

o0
‘ Definition 5.3:‘ Let Z a, be a series of real numbers.

n=1

oo oo
1. We say that Z a,, converges absolutely if Z |ay| converges.

n=1 n=1

oo o0 oo
2. We say that Z a, converges conditionally if Z a, converges and Z |ay| diverges.

n=1 n=1 n=1

Example 5.6’:‘ Determine whether the given series converges absolutely or diverges conditionally.

1.
>k
n=1 n
2.
>k
4TL
n=1
Solution:
1.

(=D"

oo
The series Z converges by Alternating Series Test.
n
n=1

="

o0 o0
1 1
Now |a,| = ’ = —. Then E lan| = E — which is a Harmonic series diverges and hence ,
n n
n=1

n=1
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[e%s} _1)n
Z (=1 converges conditionally .

n=1 n
2.
oo _1 n
The series ( 4n) converges by Alternating Series Test.
n=1
N\\(_l)n ! 1nTh§:\\§:1nh‘h'G tric series with
o n| = =—=|-) . Then n| = - ich is a Geometric series wi
w |a i i 1 2 a 2 1 w s series w
~la dh i(_l s absolutel
r=1 converges and hence , an converges absolutely .

n=1

| Theorem 5.8:| [ Ratio Test]

a
Let Z a, be a series and let L = lim [ 11]

n—o00 |Gy

n=1

1. If L < 1, then Z a, converges absolutely.

n=1

2. If L >1or L =00, then Zan diverges.

n=1

3. If L =1, there is no conclusion.

Proof: Note that L > 0 because % > 0.
an

1. Suppose that 0 < L < 1. Let L <z < 1, then x — L > 0.

Since lim 9 7. SnNens

n—oo ||

la

ifn>N:>’ Z+1—L’<x—L

ifn>N:>—(x—L)<%—L<x—L
Gnp

fns>No erLin< @l oy

|ay|
. a1 gt
fn>N="——<zx=
IIrn ‘an| X e
. |ans1| _ |an]
ifn>N= ot < l'—n

. Qp, . . . 29
Hence if n > N = {%} is a decreasing sequence and since % > 0,
x x

thenifn>N:>{@} isboundedEIM>09@§M
T T

Hence if n > N =|a,,| < 2" M and since the series Z Mz"™ is a geometric series with |z| < 1,
n=N

oo
then = Z Mz"™ converges
n=N

(o]
Therefore = Z |ay| converges by Comparison Test

n=1
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2. Suppose that L > 1. Then L — 1 > 0.

Since lim [ 41] =L . dNeN>

n—oo ||

1fn>N:>’”+1 L’<L—1
(079

>N (L-1)< @l pop g

|an|

ifn>N=—-L+1+L< [ans1] <L+L-1

aal
|an1]

ifn>N=1<
|an|

ifn >N =|a,| < |an41]
Hence if n > N = {]a,|} is a increasing sequence .
Then lim |a,| # 0.
n—roo

Hence lim a, # 0.
n— o0

o0
Therefore = Z a,, diverges by Divergence Test.

n=1

||
Example 5.7:| Determine whether the given series converges or diverges.
1.
>

|

n=1 n
2.

n=1 n"

Solution:
1.
—2)" —2)ntl 2 (=2)" n -2 2
Letan:( ).ThenanH: ) = ( ).Hence7 dnt1 =2y A .
n! (n+1)! (n+1)n! n (n—i—l)%r(/Qj”’ RS
. (pt1 . 2
Thus lim = lim =0<1.
n—o0 [¢7% n—oo N + 1
Hence Z = converges by Ratio Test
n=1
! 1! 1)n! n " "
Letanzn—.ThenanH: m+D!  (nt+Dn Hence , | “+1| = (o+Tpl ™ __n"
nm (n+ 1+t (n41)(n+1)n an | |4t (n+ 1) ml (n+1)"

n " 1-1\" 1 \"
Thus Antl| _ i = ntlo’ =(1- .
an n+1 n+1 n+1
n 1 \"
Thus lim |2 = lim (1— ) =e <.
n—o0 [¢7% n—o0 ’n,—|—]_

November 14, 2011 12 (© Dr.Hamed Al-Sulami



Series of Real Numbers Dr.Hamed Al-Sulami

(o]
n!
Hence E —- converges by Ratio Test
n

n=1

| Theorem 5..9:| [ Root Test]

Let Z ap be a series and let L = lim {/|ay,|.
n— oo

n=1

1. If L < 1, then Z a, converges absolutely.

n=1

2. If L >1or L =00, then Z a, diverges.

n=1

3. If L =1, there is no conclusion.
Proof: Note that L > 0 because {/|ay| > 0.

1. Suppose that 0 < L < 1. Let L <z < 1, then x — L > 0.

Since lim {/|a,|=L.. I NeN>
n— oo
\"/\an\—L’ <x—1L

ifn>N=—-(—L)< {]an| —L<zx—L

ifn>N=

ifn>N=—-z+L+L< {|an|<z—L+L
ifn>N=14|a,| <=z

o0
Hence if n > N =|a,,| < 2™ and since the series E 2" is a geometric series with |z] < 1,
n=N

o0
then = Z Mz"™ converges
n=N

oo
Therefore = Z |ay| converges by Comparison Test

n=1
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2. Suppose that L > 1. Then L — 1 > 0.

Since lim i/lap,|=L.. INeN>
n—oo

Nan —L’ <L-1

ifn>N=—-(L-1)< {/]a,| - L<L-1

ifn>N =

ifn>N=-L+1+L< {Jan]<L+L-1
ifn>N=1< {/|a,|

ifn>N =|a,| >1
Then lim |a,| > 1.
n—oo

Hence nh_)rréo an # 0.

o0
Therefore = Z a, diverges by Divergence Test.

n=1

3. Suppose that L = cc.

Since nh_{r;o Vl]an| =00, INeN>
ifn>N=a.] > 1
ifn>N=|ay| >1

Then nli_)ngo\an\ > 1.

Hence lim a, # 0.
n—r 00

o0
Therefore = Z a,, diverges by Divergence Test.

n=1

Example 5.8:| Determine whether the given series converges or diverges.

1.
>
n=1 n®
2. ,
(5"
= 2n—1
Solution:
1.

(=2)"

nn

(=2)"

nn

—2|" —2|" -2 2
Let n — = |— . H v n:" e = |—| = —
et a ‘n ence {/|a,| = {/ - - -

Then |a,| = ‘

- .2
Thus nh_{rgo Vlan| = nh_{rgo o= 0<1.

Hence E converges by Root Test
n’l’L
n=1
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. Hence {/|a,| =

1)° 1)°
Thus lim {/|a,|= lim ( n 1) = ( lim 2t )
n—oo —

n—oo 2n — 1

1\ 1
—) =2 <1,

e} 1 2n
Hence Z ( nt ) converges by Root Test
1
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