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‘Deﬁnition 0.1:‘ Let £ C R, and let a be a limit point of E. For a function f : E — R, a real number L is

said to be a limit of [ at a, we write liin f(x) = L, if, for all € > 0 there exists § > 0 such that if x € E and

O<l|z—al|<d=|f(x)—L|<e.

Note 0.1:|The inequality 0 < |x — a| is equivalent to saying x # a.

‘ Example 0.1:| Prove that lim2 z? = 4.
T—

Discussion: Given ¢ > 0, we want to find § > 0 such that if 0 < |2 — 2| < § = |2% — 4] < £. Now,

2% — 4] = |(z - 2)(z +2)]
= |z —2||z + 2|
< Jz = 2|(|2] + 2).
If we assume that |z — 2| < 10, then |z| — 2 < |2 — 2| < 10. Hence |z| — 2 < 10 = |z| < 12.
Now, [a? — 4] < |z — 2|(|Jo[ +2)
<lz—-2[(12+2)
< 14fz - 2|.
€

Now, if we assume 14|z — 2| < e = |z — 2| < 7R

Now, we have the following conditions on |z — 2| : |z — 2| <10 and |z — 2| < 15—4 If we choose 6 = min{10, %}

Proof: Let € > 0 be given. Let 6 = min{10, %}

Now, if 0 < |2 — 2| < § = |2% — 4| < 14]a—7]
< 146

3
<14.—
14

=£.

Thus, if 0 < [z — 2| <5 = [2® — 4| < e.

322 -1 2
Example 0.2:| Prove that lirn1 ( ; ) ) =3 Discussion: Given € > 0, we want to find § > 0 such that if
Tr— €T
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O<lz—1l<éd=

equal to (number).|z — 1].

32 —1
20+ 1

2
- 5‘ < e. Now, the idea is to start with

32 —1

St i 3 and try to make it less than or

322 -1 2| [3(32?—-1)-2(2x+1)
2x+1_§‘_ 32z +1) ‘
92% —3 — 4z —2

32z +1) ‘

_ 92% — 4z — 5

|

 ]92% — 4z — 5|

3|22+ 1]

~192% — 92+ 5x — 5|

B 3|2z + 1]

~[92(x — 1)+ 5(x — 1)

B 3|2z + 1]

(92 + 5)(z — 1)
32z + 1|

oz — 1[92 + 5]

T 322+ 1]

_ o= 1/(9]|+ 5)

32z + 1]

1 1 -1 1 1 3
If we assume that |x—1|<§,then \x\—1<|x—1|<§and7<x—l<§.Hence \x\—1<—:>\x\<5,and

1 12
Now, we have the following conditions on |z — 1| : |z — 1| <3 and |z — 1| < 3—76 If we choose § = min{

2

—_ et 3
g =7 2 TSty

=1<2r<3

=2<2x+1<4.

Thus 2 <2z +1< |29c+1|:>m <%
S\m—l\m(%x\—k@
<Je = 1135090) +5).
=1

Now, if we assume %M— ll<e=lz-1< 13—278

1 12¢
3 37
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1 12
Proof: Let e >0 be given. Let § = min{§7 3—76}
3z2—-1 2 11 3
Now, if 0 1/ <dé= - = —1]==(9(=)+5
ow O lettl<0= 9 3\<w 5306)+9)
37
BT
37
—0
<12
<§12E
12° 37
=¢c.
Thus, if 0 < [z — 1| < § = srf 1 2l < ¢
i - _z
" ’ 20+1 3

Example 0.3:| Prove that lirnl(ac2 +ax47)="1.
T——

Discussion: Given & > 0, we want to find § > 0 such that if 0 < |z — (=1)| = |z + 1| <d= |22 + 2+ 77| <e.

Now, the idea is to start with |2® 4+ 2 + 7 — 7| and try to make it less than or equal to (number).|x + 1].

2° + 2+ 77 = |2° + 2|
~ o+ 1o
If we assume that |z + 1| < 1, then |z| — 1 < |z + 1| < 1. Hence |z| -1 <1 = |z] < 2.
Now, |2% + 2 +7— 7| < |z + 1||z]
<lz41[2

<2z +1|.

c

5

Now, we have the following conditions on |z + 1| : |z + 1| <1 and |z + 1] < % If we choose 6 = min{1, %}

Now, if we assume 2|z + 1| <e = |z + 1| <

Proof: Let e > 0 be given. Let § = min{1, g}

Now,iff0< |z +1|<d= |2 +2+ 77 = |z + 1||=|
<2z +1|
<25

g
<22
2

=E.

Thus, if 0 < |z + 1| <6 = |22 + 2+ 77| <e.

| Theorem 0.1:| []

Let f: E — R and let a be a limit point of F. Then lim f(z) = L if and only if for every sequence {z,,} C F such
Tr—a

that li_)m Tn =a and x, # a ¥V n € N, then li_)m flx,) = L.
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Proof: (=) Suppose that $h£r}l f(z) = L. Let {x,} C E such that RILH;O Tn = a and z, # a ¥V n € N. We want to
show that nl;rr;o f(zn) = L. Let € > 0 be given. Since ;gr}l f(z) = L, then there exist § > 0 such that 0 < |z —a| <,
= |f(x) — L| < e. Since, nh_{r;o Zn = a, then there exists N € N such that if n > N = |z, —a| < 0. Now, if
n>N = |z, —a|l| <d=|f(x,) — L| <e. Hence , if n > N = |f(x,) — L| < e. Thus nh_{rgof(xn) =1L.

(<) Suppose that for every sequence {z,} C E such that nl;rr;o z, =a and z, # a ¥V n € N, then nlgr;o f(zyn) = L.
Assume that ilir{ll f(z) # L. Then there exist £ > 0 such that for all 6 > 0 there exist z € E and x # a with
0 < |z — a|] < ¢, but such that |f(x) — L| > e¢. For all n € N, there exists z,, € E and x,, # a with 0 < |z,, — a| < %,
but such that |f(x,) — L| > €9. Hence we have a sequence {z,,} C E such that nh_)ngo znp =a and x, #aV n €N, but

the sequence {f(z,)} does not converges. Contradiction. Hence lim f(z) = L.
Tr—a

||
Note 0.2:|The main use of this theorem is it usually used to prove the limit of some function does not exist at some

limit point.

1 1
‘ Example 0.4:‘ Let f(z) = —. Prove that lin% — does not exist.
x z—0 T

1
Figure 1: y = —
x

1 1 1 1
={=}cC im — = 0. =f(>)=1= i = lim n = oo.
Solution:Let {x,} {n} C D(f) and nh_{rgo - 0. Now f(zn) f(n) T n, and nh—>Igo fzn) nh_)rr;on 00
1
Hence lim — DNE.
z—0 T
||
2, ifzx>1;
Example 0. 5:‘ Let g(z) = . Prove that lim g(x) does not exist.
4, ifx<1 w1
. (=" . (=™ (—=1)" 2, if n is even;
Solution: Let {x,} = {1+——} C D(g) and lim (1+ )=1.Now, g(z,) =g |1+ = .
n nereo n n 4, ifnis odd
Hence {g(zn)} = {4,2,4,2,...}. Thus li_>m g(x,) DNE. Hence lir%g(x) DNE.
n o0 T—r
||
x, ifreqQ; . .
Exzample 0. 6:‘ Let g(x) = . Let a € R — {0}, prove that lim g(x) does not exist.
0, ifxeQ° rra

Solution:Let a € R — {0}. There exist two sequences {z,} C Q such that lim z,, = a and {y,} € Q° such that
n— oo
lim y, = a. Now, g(z,) = =, and ¢(y,) = 0. Hence lim g(z,) = lim 2z, = ¢ and lim ¢(y,) = lim 0 = 0. Since

a # 0, then li_>m 9(yn) =0#a = li_>m g(xn). Thus liin g(xz) DNE for all a € R — {0}.
||
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‘ Definition 0.2:‘ Let £ C R, and let a be a limit point of E. Let f: E — R. We say that f is bounded on an

open interval about a , if there exists 6 > 0 and M > 0 such that |f(z)| < M Va2 € (a—d,z+0)NE.

| Theorem 0.2:| []

Let f: E — R and let a be a limit point of E. If }gr}l f(x) exists, then f is bounded on some open interval about a.
Proof: Let L = ;13(11 f(z). Since $11er f(z) exists, then there exist § > 0 such that
ifre Eand0 < |[z—a| < = |f(x)—L| < 7.Henceif x € (a—4J,a+d)NE and = # a, then | f(x)|—|L| < |f(z)—L| < 7.
Thusifz € (a—d,a+d)NE and x # a = |f(z)| <7+ |L|

Now, ifa ¢ E,let M =7+ |L| and if a € E let M = sup{7 + |L|, |f(a)|}.
Thusif z € (a —d,a+d)NE = |f(z)| < M.

||
If ilg}lf(x) = L, then there exists 6 > 0 such that if 0 < |z —a| <0 = ‘QE <|f(z)] < |L|+1.
Proof:
Since ;E)r}lf(x) =L,36; >0suchthat if 0 < |z —a| <0y = |f(zx) - L| <1
= [f(@)] =L < |f(z) - L] <1
= [f(x)| <1+|L|
Thus 3 6; > 0 such that if 0 < | —a| < 61 = |f(z)| <1+ |L|
Also since ;gr}lf(x) =L,3 62 > 0such that if 0 < |z —a| < 2 = |f(z) — L| < |2£|
= L~ 1) < (@) - 2] < 2
= sl < 2o
= —[fa) < -1
= Bl ipw
Thus 3 d2 > 0 such that if 0 < |z — a] < 62 = % <|f(x)].
Let 6 = min{d;,d2} > 0. Then if 0 < [z —a| < § = % <|f(z)] <14 |L|.
||
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