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‘Deﬁnition 0.1:‘ Let f: E — R, and let a € E. We say f is continuous at a , if, for all € > 0 there exists

d =6d(e,a) >0 such that if x € E and |z —a| < d = |f(z) — f(a)] <e.

fa)+et y=f(x)
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Figure 1:

o If f fails to be continuous at a, then we say f is discontinuous at a.
e This definition requires three things if f is continuous at a :

— f(a) is defined

— lim f(x) exists
Tr—a

- lim f(2) = f(a)
e One can say f is continuous at a if

lim f(x) = f(a)

Tr—ra

Exzample 0.1:| Prove that f(z) = 2? is continuous at a € R.
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Discussion: Given e > 0, we want to find § > 0 such that if |z — a| < § = |2* — a®| < e. Now,

22 — a®| = |(& — a)(z + a)
= |z — al|lz + af
< |z — al|(Jz] + [al).
If we assume that |z — a|] < 1, then |z| — |a|] < |z — a|] < 1. Hence |z]| — |a| < 1= |z] < 1+ ]al.
Now, [¢? — a?| < |z — a|(jz| + |al)
< [z —al(L+ |a| + |al)
< (1+2|a|)|z — al.

Now, if we assume (1 +2|a|)|z —a| <e= |z —al < .
1+ 2|q
1.

Now, we have the following conditions on |z — af : | — a| <1 and |z — a| If we choose 6 = min{1,

< € €
1+ 2[al 1 + 2|a

Proof: Let € >0 be given. Let § = min{1, %QM}

Now, if |z —a| < d = |f(z) — f(a)| = |22 —a2\ < (14 2|a|)|z — a
< (14 2|a|)d

€

Thus, if |z —a| < § = |f(z) — f(a)] <e.

| Theorem 0.1:| []

Let f: F — R and let a € E. Then f is continuous at « if and only if for every sequence {z,} C E such that

le Zn = a, then ILm f(zn) = f(a).
Proof: (=) Suppose that f is continuous at a. Let {x,} C FE such that lim z, = a. We want to show that

n— oo

nh_)rgo f(xy) = f(a). Let € > 0 be given.

Since f is continuous at a, then there exist § > 0 such that if |z — a| < 0, = |f(z) — f(a)] < €. Since, nh_)ngo Tn = a,
then there exists N € N such that if n > N = |2, —a| < d. Now, if n > N = |2, —a| <0 = |f(z,) — f(a)] < e
Hence , if n > N = |f(z,) — f(a)|] < e. Thus nl;rréof(xn) = f(a).

(<) Suppose that for every sequence {x,} C E such that nh_)rgo Zn = a, then nh_)rgo f(x,) = f(a). Assume that f is
discontinuous at a. Then there exist g > 0 such that for all 6 > 0 there exist x € E with |« — a| < ¢, but such that
|f(z) = f(a)| > eo. For all n € N, there exists =, € F with |z, —a| < %, but such that |f(x,) — f(a)] > €. Hence
we have a sequence {x,} C F such that nh_)rgo Zn, = a, but the sequence {f(x,)} does not converges. Contradiction.

Hence f is continuous at a.

m

v+l ifreQ .
‘ Exzample 0. 2:‘ Let f(z) = . Discuses the continuity of f.
—2x+4, ifzeQ°
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Solution:Let a € R — {1}.

Case I: If a € Q. There exists a sequence {y,} C Q° such that nl;rgo Yn = a. Now, f(yn) = —2y, + 4. Hence
nh_)rgo flyn) = nh_g;lo(_Qy" +4)=—-2a+4#a+1= f(a). Hence f is discontinuous at any a € Q — {1}.

Case II:

If a € Q°. There exists a sequence {z,} C Q such that HILH;O z, = a. Now, f(z,) = x, + 1. Hence HILH;O flzyn) =
nl;rlgo(xn +1)=a+1+# —2a+4 = f(a). Hence f is discontinuous at any a € Q°. By the two cases we have f is

discontinuous at any a € R — {1}. Now, to see that f is continuous at 1. Since f(1) = 2, then

+1-2|, if :
J@) - f={ P el
| —2x+4-2|, ifzeQ°.
Hence
F@) —py =] Tt el

2]z — 1], ifze Q"
Hence |f(z) — f(1)] < max{|z — 1|, 2|z — 1|} = 2|z — 1.
&Jae>0begwn(mmwazgjﬂx—u<5:4ﬂ@—fungmx—u<2ﬁ:2§:e
Hence f is continuous at 1.

‘Deﬁnition 0.2:‘ Let f: E — R, and let C' C E. We say f is continuous on the set C | if f is continuous at

every point of C.

‘ Definition 0. 3:‘ A function f: F — R is said to be bounded on E | if there exists a number M > 0 such that
|f(x)| <M, Yz eFE.

Note 0.2:| A function f is not bounded on the set E if for all M > 0, there exists xps € E such that |f(xa)] > M.

| Theorem 0.2:| []

Let [a,b] be closed bounded interval and let f : [a,b] — R be continuous on [a,b]. Then f is bounded on I. Moreover,
f assume its maximum and minimum values on [a,b]. [ there exist xg,z1 € [a,b] such that f(z¢) = inf{f(x) : x €
[a,b]} and f(z1) = sup{f(z) : = € [a,b]} ]

Proof: Suppose f is not bounded on [a,b]. Then for each n € N there exists x,, € [a,b] such that |f(x,)] > n.
Now, we have a sequence {x,} C [a,b]. Thus {z,} is bounded. Then by Bolzano-Weierstrass Theorem {z,} has a
convergent subsequence {z, }. Let a = klggo T, Since a < xy,, < b, then a < a < b. Since f is continuous at «, then
we have kl;r& f(zy,) = f(a). Also we have |f(xy, )| > ny, then kl;ngo | f(zp, )| = co. Contradiction. Thus f is bounded
on [a,b].

Now, Let m = inf{f(x) : « € [a, ]}, then m is finite. For each n € N, m+% is not a lower bound for {f(x) : « € [a,b]}.

1
Then there exists x,, € [a, ] such that m < f(z,) < m + —. Hence lim f(z,) = m. Now,{x,} is bounded in [a, b].
n n—oo
Then by Bolzano-Weierstrass Theorem {z,} has a convergent subsequence {z,, }. Let zg = klim Tn,, € [a,b].
—00
Since f is continuous at xp, then we have m = klim fzpn,) = f(xo).
—00

Hence f(z9) = m = inf{f(z) : = € [a,b]}. Similarly, one can show the maximum value.
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| Theorem 0.3:| [The Intermediate Value Theorem]

Let f : [a,b] — R be continuous on [a,b]. Let o be a number between f(a) and f(b). [ie. f(a) < a < f(b) or
f(b) < a < f(a)] Then there is a number ¢ € (a, b) such that f(c) = a.

Proof: Assume that f(a) < a < f(b). Let E = {z € [a,b] : f(z) < a}. Since f(a) < «, then a € E. Hence FE is
nonempty subset of [a,b]. Thus E is bounded. Then ¢ = sup E exists and ¢ € [a, b].

For each n € N, since ¢ — % is not an upper bound of F, then there exists z,, € F such that ¢ — % < x, < c. Hence
nl;rr;o z, = c and, since f is continuous at ¢, then f(c) = HILH;O f(xn). Now, z,, € EV, n € N. Then f(x,) < a. Hence
fle)= nh—>Holo f(xn) < a. Thus f(c) <« (1).

Let v, = min{b, c + %} Then y,, € [a,b], and y,, ¢ E YV n € N. Then f(y,) > «a. Now, since ¢ < y,, < ¢ + %, then
lim y,, = ¢. Since f is continuous at ¢, then f(c¢) = nh_{r;o fyn) > a. Thus f(c) > « (2). Then by (1) and (2) we

n—r oo

have f(c) = a. Since f(a) < f(c) < f(b), then ¢ # a and ¢ # b. Hence ¢ € (a,b), and f(c) = .

Y y = f(x)

Figure 2:

‘Deﬁnition 0.4:‘ Let f: E — R, be a function. We say f is uniformly continuous on E | if, for all e > 0

there exists 6 = d(e) > 0 such that if z,y € F and |z —y| < = |f(z) — f(y)] <e.

‘ Example 0. 3:‘ Prove that f(x) = 2% is uniformly continuous on [a, b],a,b € R.

Discussion: Given e > 0, we want to find § > 0 such that if z,y € [a,b], and |z — y| < § = |2 — y?| < . Now,

2% = y?| = [(z — y)(z + y)|
= |z — yllz + y|

< e —yl(lz] + ly])-
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Let M = max{lal,|b|}. Now, since z,y € [a,b], then |z|, |y| < M.

|2? = y?| = [(z = y)(z +y)]
= |z —yllz +y|
<z —yl(l2| + [y

<z —y[(M + M)

=2M|x —y|
If we choose § = ——
Wi = 2M .
Proof: Let e >0 be given. Let 6 = ——.

2M

Now, if z,y € [a,b], with [z —y| <8 = [f(z) = f(y)| = [2* — y°| < 2M|z —y|
< 2Ms§

€
2M.—
< 2M

Hence f is uniformly continuous on [a,b],a,b € R.

||
Note 0.3:|Let f: E— R, be a function. f is not uniformly continuous on F, if, there is ¢y > 0 such that for every
d > 0 there are z5,ys € F such that |zs —ys| < 6 and |f(x5) — f(ys)| > €o.

Let f: E — R, be a function. Then f is not uniformly continuous on F if and only if there exist
€0 > 0 and two sequence {z,} and {y,} in E such that lim (2, —y,) =0 and |f(z,) — f(yn)| > €o for all n € N.
n—oo
Proof: (=) Suppose that f is not uniformly continuous ont E. Then there is ¢y > 0 such that for every 6 > 0 there

1
are x5,ys € Esuch that |x5—ys| < § and |f(x5) — f(ys)| > €. for each n € N, let § = — > 0, there are x,,,y, € E such
n

1
that |z, —yn| < — and |f(zy) — f(yn)| > €o. Hence we two sequence {x,} and {y,} in F such that lim (z, —y,) =0
n n—o00

and |f(zn) = f(yn)| = €o.

(<) Suppose that there exist ¢ > 0 and two sequence {x,} and {y,} in E such that nl;néo(xn —yn) = 0 and
|f(zn) — f(yn)] > €o for all n € N. Let § > 0 be given. Since nh_)ngo(xn — yn) = 0 there exist N € N such that
n> N = |z, —yn| < 6. Thus |zy11 —yni1]| < 8 and |f(zn41) — f(yni1)| > €o. Hence f is not uniformly continuous

on F.

||
‘ Exzample 0.4:‘ Prove that f(x) = 2% is not uniformly continuous on [1,c0).
1 1 1
Solution: Let x,, = n and y, = n+—. Now, {n},{n+—} C [1,00). Also, lim (z,—y,) = lim — =0, |f(z,)—f(yn)| =
n n n— o0 n—oo M
2
1
(n + —) —n?=2+ — > 2. Hence f is not uniformly continuous on [, c0).
n n
||

‘ Theorem 0.4:‘ []

Let a,b € R such that a < b. Let f : [a,b] — R be continuous on [a,b]. Then f is uniformly continuous on [a, b].
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Proof: Suppose that f is not uniformly continuous on [a,b]. then there exist ¢y > 0 and two sequence {z,} and
{yn} in [a,b] such that lim (z, — y,) = 0 and |f(z,) — f(yn)| > € for all n € N. Since {x,} C [a,b], then it is
n— oo
bounded and hence {z,} has a convergent subsequence {z,, } by Bolzano-Weierstrass Theorem. Since [a, b] is closed
then z = lim x,, € [a,b]. Also since lim (x, —y,) =0, then x = lim x,, = lim y,,. Since f is continuous on [a, ],
k—o00 n—00 k—o0 k—o00

then f(x) = kli_{glo flzn,) = kli_{glo f(yny)- But | f(zn,) — f(yn,)| > €o0. Contradiction Hence f is uniformly continuous
on [a,b].

‘Deﬁm’tion 0. 5:‘ Let E C R and let f: E — R. We say that f is Lipschitz function on E if there is M > 0
such that |f(z) — f(y)| < M|z —y| for all z,y € E.

‘ Exzample 0. 5:‘ Prove that f(x) = /z is Lipschitz function on [1,00).
Solution:Since if z,y € [1,00), then z,y > 1 and hence /x > 1 and /y > 1. Thus z + /y > 2, therefore

\/5%\/@ < % Now, |f(z) — f(y)| = [Vz — /Y| = \/;—T-gj/ﬂ’ = \/;—T-?\J/ﬂ < %|m—y\ Hence f(x) = v/ is Lipschitz

function on [1, 00).

| Theorem 0.5:| []

If f: E — R is Lipschitz function on F, then f is uniformly continuous on E.
Proof: Since f is Lipschitz function on E, then there is M > 0 such that |f(x) — f(y)| < M|z —y| for all z,y € E.
Let € > 0 be given. Choose § = SN 0, if z,y € E with |z — y| < d, then |f(z) — f(y)] < M|z —y| < M.E

M M
Hence f is Lipschitz function on F.

= €.
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