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‘ Theorem 4.1:‘ []
Let f : [a,b] — R be bounded function on [a,b] and let @ < ¢ < b. Then f is integrable on [a,d] if and only if f is

/abf=/:f+/cbf-

integrable on [a, ] and [¢, b] and

Proof: (=) This left for you as homework.
(<) Suppose f is integrable on [a, c] and [c, b]. Let € > 0 be given. Since f is integrable on [a, ¢] and [c, ], there exist
partitions Py of [a,c] and P of [e, b] such that

U(f,P)— L(f,P) < and U(f,P) — L(f,P2) <

€ €
2 2

Let P. = P, U Py, then P. is a partition of [a,b]. Also U(f, P.) =U(f, P1) + U(f, P2) and
L(fvpe):L(f7P1)+L(fvP2) NOW»

U(f7 Pe)_L(fv Pe) = [U(fv P1)+U(f7 PQ)]_[L(f7 P1)+L(f7 P2)] = [U(fv Pl)_L(f7 Pl)]+[U(fv PQ)_L(fv PQ)] < _+§ =€

Hence f is integrable on [a, b].

‘ Theorem 4.2:‘ [The Fundamental Theorem of Calculus (first form)]

Let f :[a,b] — R be integrable function on [a,b] and let F' : [a,b] — R be continuous on [a,b] and F’'(z) = f(x) for all
z € (a,b). Then [ f(z) dz = F(b) — F(a).

Proof: Let € > 0 be given. Since F’ = f is integrable on [a, b], then there exist a partition P = {a = z¢ < 21 <
... < xy = b} of [a,b] such that

U(F',P)— L(F',P) =U(f,P) — L(f,P) < e.

Now, since F' is continuous on [a, b], then F' is continuous on each interval [zf_1, x| for k =1,2,...,n. Hence by the

Mean Value Theorem there exist ¢, € [zx—1,x)] such that

F(ag) — Fop_1) = F'(tg) (2 — 2p_1) = f(tx)Dag.

October 19, 2011 1 (© Dr.Hamed Al-Sulami



The Riemann Integral Dr.Hamed Al-Sulami

Also we have

my < f(ty) < My,

then
mrAxy < f(ty) Dz < MipAxy.

Hence

mpAx, < [F(l‘k) - F(-Tk—l)] < M Azy,.
Therefore

kaAmk < Z l‘k 1 ZMkA-Tk
Hence
L(F',P) = L(f,P) < [F(b) = F(a)] <U(f,P) =U(F', P).

Thus

—U(f,P) < =[F(b) - F(a)] < -L(f,P) (1)
Also

Hence by adding (1) and (2) we get

UG P+ IR < [ ) - F@)] S UGS P) - L, P
Therefore
b b
< ~(UULP) - LUPN < [ £ IFO) - F@) SUGP) - L.P) < e= | [ f=[F®) - F@)| <

Hence [ f(z) dz = F(b) — F(a).

[ |
‘ Theorem 4.3:‘ [The Fundamental Theorem of Calculus (second form)]
Let f : [a,b] — R be integrable function on [a,b] and let F(z) = [ f(t) dt for z € [a,b], then F is continuous on [a, b].

Moreover, if f is continuous at ¢ € [a, b], then F is differentiable at ¢ and

Proof: Let e > 0 be given. Since f is bounded on [a, b], then there exist a partition M > 0 such that

|f(z)] < M for x € [a,b].
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Now, let 6 = 1.

If z,y € [a,b] such that |z —y| < = |F(z) y)| =

) dt — /f dt‘

f(t) dt’ assume T < y

< Mﬁ =e.
Thus F is uniformly continuous on [a, b]. Now, if f is continuous at ¢ € [a, b], then there exist § > 0 such that
ifxelaband |z —c| <0 =|f(x) - f(c)] <e

Now,

If 2 € [a,b] such that 0 < |z — ¢| < 6 = w — flo)| = Jo f® d;:facf(t) dt —f(c)‘
. w—f@)’ assume ¢ <
IO di - { )t e o) = ffxf(_c)c dt
|0 — f()] dt
Jo 1F(#8) = flo)] dt
- \x —c|
f: € dt
2]
= 6|(;__CC|) but x — ¢ = |z — |
o el
lz—tf

Hence F is differentiable at ¢ with F'(¢) = f(c).
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