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‘Deﬁnition 6.1:| Let A be a nonempty set of real numbers. Let f, : A — R be a sequence of functions n > 1,

and let f: A — R be a function. We say that {f,(x)}o2, converges pointwise to f(x) if
for eachz € A

lim f,(z) = f(x)

n— oo

and we write

Falz) == f(2)

Ezample 6.1:| Let f,, : (—1,1] » R defined by f,(z) = 2. Find f(z) = lim_f,, ().

Solution:

Forz=1,= f,(1) = (1)" =1 and li_>m fon(l)= lim 1=1.

n—roo

For —1<z<1,= li_>m fu(z) = lim 2" =0.

n—r oo

) 0, for—1<z<l;
Hence f(z) = lim f,(z) =
o 1, forx=1.

||
Ezample 6.2:] Let f, : R — R defined by f,(z) = % Find f(z) = lim fo(2).
1
Solution: For any « € R, we have f(z) = lim f,(z) = lim L2 lim —=2-0=0.
n—oo n—oo n n—oo N
|
r+nr? .
Exzample 6.3:‘ Let f, : R — R defined by f,(z) = — Find f(z) = h_>m ().
Solution: For any x € R, we have
2 2
1
f(z) = lim f,(z) = lim rhne lim [E + %] =z lim —+2? lim 1 =0+2% =2
n—o00 n—o00 n n—oo | n n n—oo N n—oo
|
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Example 6.4:‘ Let fn, : R\ {—1} — R defined by f,(x) = m

Solution: For any —1 < z < 1, we have

lim, oo 2" 0
= = = - 0.
lim, ,oo(l4+27) 140

ln
For x =1, we have f,(1) =

11
T , hence f(1) = nh_)rrgo fa(l) = nh_)rrgo 3= 35
For |z| > 1, we have f,(z) o ! hence f(z) = lim f,(z) = lim ! ! 1
W V n = = = n = = = .
’ 1+am (%)”4— n—00 n—00 (%)"—i—l 0+1
Hence

. 1 1
f(m)—nlgr{:ofn(x)— 2 1fm—§,
1, if |zl >1

| Remark 6.1 | Let A be a nonempty set of real numbers. Let f, : A — R be a sequence of functions n > 1, and

let f: A— R be a function. Then {f,(z)}52; converges pointwise to f(x) if and only if for each x € A and for each
€ > 0 there exist N € N (N = N(z,¢) i.e. N depend on z and €) such that

ifn>N=|fu(z)— f(x)] <e.

2
‘ Example 6.5:‘ Let f, : R — R defined by f,(z) vt o
n

(a) Find f(x) = lim_fo(z).

(b) Prove your answer in part (a) using the definition

Solution: (a) For any x € R, we have

(b)

2
Note that for « # 0, we have |f,(z) — f(z)] 2

~—— and for x = 0, we have |f,(0) — f(0)| = 0.

il

. n 1 x|?
Hence1fwelet—< = — > — :>n>u
n

|z

2
To prove that h_)m fn(x) = f(x). Let € > 0 be given and let x € R. Choose N € N such that N > 2]

€
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Now, if n > N = | fu(z) — f(z)] = |2

Now, if n > N = |fn(z) — f(2)] <e.

Therefore 1i_{n fulx) = f(2).

‘Deﬁnition 6.2:‘ Let A be a nonempty set of real numbers. Let f, : A — R be a sequence of functions n > 1,

and let f: A — R be a function. We say that {f,(z)}>°, converges uniformly to f(z) ,and we write f,(x) N f(x)
if € > 0 there exist N € N (N = N(¢) i.e. N depend on € only ) such that

ifn>N=|f.(z) — f(z)] <€ for every z € A.

1
‘ Example 6.6:‘ Let f, : R — R defined by fn(z) = nx:— .

(a) Find f(x) = 1i_{n fn(x).
(b) Does fn(x) N f(x), prove your answer in part (a) using the definition.

Solution: (a) For any € R, we have

Note that for any =, we have |f,(x) — f(z)| =

1 1
Hence if we let — <e=n> —.
n €

To prove that lim f,(z) = f(z) uniformly. Let ¢ > 0 be given and choose N € N such that N >

n— oo

A | =

1 1
If N=-<—=<e
n > :>n<N76

Now,ifn>N:>fn(x)—f(m)|:‘%+m_x :l<6.

Now, if n > N = |fu(z) — f(z)] <e.

Therefore li_>m fn(z) = f(z) uniformly.
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Let A be a nonempty set of real numbers. Let f,, : A — R be a sequence of functions n > 1, and for
eachz € Alet f(z) = lim f,(x). If o € A and {z,,} C A sequence such that lim z,, = z¢ and lim f,(z,) # f(x0),
n— oo n—oo n—oo

then {f,(x)} does not converge uniformly on A.

Proof: This is left as an exercise.

[ |
‘Ewample 6. 7:‘ Let f, : [1,00) = R defined by f,(x) = nx+ T
x
(a) Find f(z) = lim f,(z).
n—oo
(b) Does fn(z) N f(x), prove your answer in part (a) .
Solution: (a)
F =1 h 1)= 1 1)=1 L =1 L
or z =1, we have f(1) = lim fu(1) = lim 5= = lim o= .
For z > 1, we have f(z) = lim fo(z) = lim —"— — 1 ! L
r = lm [y = llm —— = lim = =1.
T e T T e e T T et 11 (L) 140
Thus 1
—, forz =1,
fl@)=1 2
1, forx>1.
1 . 1
(b) Now, let z, =1+ — € [0,00) and lim (1+ —) =1 € [0, 0),
n n—oo n
but lim f,(z,) = lUm f,( 1—1—l ) = lim (Lt 5)" = # — = f(1). Hence {f,(x)} does not converge
uniformly on [1, c0).
||

| Theorem 6‘.1:| []

Let A be a nonempty set of real numbers. Let f,, : A — R be a sequence of functions n > 1, and for each z € A let

f@) = lm_fu(e).

Then {f,} converges uniformly to f on A if and only if lim |sup |f.(x)— f(z)|| = 0.
€A

n—roo T

Proof: (=) Suppose that {f,} converges uniformly to f on A and let € > 0 be given.

Since f,(x) LN f(x), then there exist N € N such that
ifn >N = |fulz) - flz)| < % Ve A

Hence if n > N = sup |fn(z) — f(z)| < <

z€A 2

Thus lim |sup|fn(z) — f(z)|| =0.

n—o0 T€A
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(«<=) Suppose that lim {sup | fr(x) — f(:v)@ = 0 and let € > 0 be given.

n—o0 T€A

Since lim [sup | fn(z) — f(:v)] = 0, then there exist N € N such that
TEA

n—r oo
ifn>N=sup|fu(z)— f(z)|<e VaeA
TEA

Hence if n > N = |f,(z) — f(x)] < sup|fn(z) — f(x)] <e VzeA
€A

Thus lim f,(z) = f(z) uniformly on A.

n—oo

[ |
‘ Example 6.8:‘ Let f, : [0,1] — R defined by f,(z) = 2" (1 — z).
(a) Find f(z) = lim f,(z).
n—oo
(b) Does fn(z) N f(x), prove your answer.
Solution:
— N1
—f2
—f3
— Ja
—J5
— Je
1
Figure 1:
(a) For any x € [0, 1), we have
flz) = HILH;O fulz) = nl;r{:o[x l1-2)]=0-2) nl;rréox =(1—2)-0=0and f(1) = nl;rr;o fn(1) =0.
Hence f(z) =0 for every z € [0,1].
(b)To show that f,(x) N f(z) we need to prove that lim [ sup |fn(z) — f(x)|] = 0. We can use calculus to
n=o0 | 1el0,1]

find the sup for each f,(z) — f(x).
For any = € [0, 1], let g, () = fu(z) — f(z) =2™"(1 —2) — 0= 2"(1 — 2). Thus , ¢, (z) = nz" "' (1 —2) — 2™

Hence g, (z) = [n(1 — ) — ]2" " = [n — (n + 1)z]2" . Therefore g/, (z) =0 =2z =0o0r z = nL—i—l € (0,1).
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n
Now, since g,(0) = 0 = g, (1), then g, (z) may have maximum at x = ——. We use the first derivative test for
n
that, and we get

n

0 ] 1

The sign of g, (z) Aik
|

Figure 2: The sign of g/, (z)

Hence g, (z) has a maximum at x = nj—l and its value is gy, (nj—l) = (nj—l) (1— nil)

n 1 " n
H n - = ]_— ]._ .
conce g (n—!—l) ( n—i—l) ( n—|—1>

. . n . 1" n -1
vow. i [ s 1) 101] =t (27 =t [(1- ) (1 ) =00

Hence f, () Yso.

||
‘Ewample 6.9:‘ Let f, : (=1,1] — R defined by f,(z) = z".
(a) Find f(x) = ILm fn(x).
(b) Does fn(x) LN f(z), prove your answer.
Solution:
. 0, for—-1l<z<l;
We have f(z) = lim f,(x) =
nree 1, forx=1.
Hence
", for0<z <1,
sup |fn(z) = f(z)] = sup =1
z€[0,1] 0, forz=1.
Thus
lim sup |[fo(x)— f(z)]= lim 1=1+#0.
n—o0 LUE[O,].] n—o0
Hence fo ()2 £(2)
||

‘ Exzample 6.10: ‘ Let f, : [0,1] — R defined by f,(z) = na™(1 — z).

(a) Find f(z) = lim f,(z).
n—oo
(b) Does fn(x) N f(x), prove your answer.
Solution:

(a) For any x € [0,1), we have

f(z)= lim f,(x) = lim [nz"(1—2)]=(1—2) lim na" =(1—2)-0=0and f(1) = nl;rr;o fn(1) =0.

n—oo n—oo n—oo
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Figure 3:

Hence f(z) =0 for every z € [0,1].
(b)To show that f,(x) LN f(x) we need to prove that lim [ sup |fn(x) — f(x)|] = 0. We can use calculus to

N0 | 1el0,1]

find the sup for each f,(z) — f(x).

For any = € [0,1], let g,(z) = fu(x) — f(x) = naz™(1 —2) — 0 = na"(1 — x). Thus , g, (z) = n*z" (1 —z) — na".

Hence g/, (z) = [n*(1 — 2) — nx]z" "' = [n? — (n? + n)z]z" . Therefore g/, (z) =0 =2 =0or z = % € (0,1).
n
Now, since g,(0) = 0 = g, (1), then g, (z) may have maximum at x = Ll We use the first derivative test for that,
n
and we get
n
0 n-t1 1

The sign of ¢/, (z) —|-/—|-—|-:_\>

Figure 4: The sign of g, (z)

i and its value i i ! 1-— i

1 VATE 1S In 1 “"\nr ntl)
n 1 " n?

H | —— ) =(1- - =

ence g <n+l> ( n-l—l) (n n+1> ( n-l—l) ( )

Now, lim [Sup |fn(x)—f(x)] = lim gn (n >_ lim [ n+1> (nilﬂ Lil=el£0.

n— oo

Hence g, () has a maximum at x =

z€[0,1] n—00

Hence fn(x)%o.

| Theorem 6‘.2:| []

Let A be a nonempty set of real numbers. Let f, : A — R be a sequence of continuous functions n > 1, and for each
reAlet f(x) = nh—>Holo fu(z). If {f,} converges uniformly to f on A, then f(z) is continuous on A.

Proof: We will show that f is continuous at any point 29 € A. Let € > 0 be given, since f,(z) N f(x), then there
exist N € N such that ifn>N=>\fn(m)—f(x)|<§ VaoeA

Now, N +1> N = |fy41(z) — f(2)| < % Ve A
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Since fy41 is continuous on A, then fy41 is continuous at zg. Then there exist § > 0 such that
€

if [z — 20| <6 = |fv1(x) — frvs(zo)] < 3

Now, if |2 — zo| < 6 = |f(x) — f(20)| = |f(2) — fny1(2) + fyvi1(2) — fvsi(zo) + fai(zo) — f(zo)|
< |f(2) = fver (@) + [fna (@) = fuga(zo)| + [ fnsi(zo) — f(20)]

<S4t i=c
3 3 3 7

|
‘ Example 6.11: ‘ Let f, : (—1,1] — R defined by f,(z) = «".
(a) Find f(x) = 1i_{n fn(x).
(b) Does fn(x) LN f(z), on (—1,1] prove your answer.
Solution:
. 0, for-1l<az<l; . . .
We have f(z) = lim f,(z) = Now, since f,(x) = z™ is continuous on [0, 1] for each
nree 1, forz=1.
) 0, for-1l<az<l; | )
n € N, and f(z) = lim f,(z) = is not continuous at x = 1, then by the above theorem
nereo 1, forz=1.
U
fn(x)%f(m) on [0,1].
||
‘Emample 6.12: ‘ Let f, : (0,00) — R defined by f,(x) =ne "".
(a) Find f(x) = 1i_{n fn(x).
(b) Does fn(x) N f(x), on (0,00)? prove your answer.
(c) Does fn(x) LN f(z), on [a,00)? a > 0, prove your answer.
Solution:
(a) We have
) ) e g no
flz) = nl;rr;o fulz) = HILH;O ne "t = HILH;O oy = 0.
(b) Now,
lim | sup |fn(z)— f(2)]| = lim | sup 2= lim n =o00#0,
n—o00 2€(0,00) n—o0o 2€(0,00) ent n—o00
then fn(x)% f(z) on (0, 00).
(¢) Since
lim | sup |fo(z)— f(z)|| = lim | sup — | = lim — =0,
n—roo ze[a,oo) n— oo :L‘G[a,oo) en® n—oo en
then f,(x) LN f(z) on [a, o).
||

‘ Example 6.13: ‘ Let f, : R — R defined by f,(z) =
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(a) Find f(z) = lim_ fo(2).

(b) Does fn(x) N f(x), on R? prove your answer.

(¢) Does fn(x) N f(x), on [—a,a]? a> 0, prove your answer.

Solution:

1
(a) We have f(z) = li_>m fn(z) = lim L2 lim = =0
(b) Now,

n—o0o N, n—oco N

lim {sup|fn(x) - f(x)@ = lim [sup m} =00 #0,
n—o0 zER n—o0 TER n

then fn(x)%f(x) on R.
(c) Since

lim | sup |fn(z)— f(x)]| = lim | sup ) _ lim < =0,
n=00 | pel—a,al n

N0 | pe[—a,al
then f,(x) N f(z) on [—a,a).

n—00 N

|
‘Deﬁnition 6.3:‘ Let A be a nonempty set of real numbers. Let f, : A — R be a sequence of functions n > 1
We say that {f,(x)}02, s uniformly Cauchy on A if for each € > 0, there ia a number
N = N(e) € N such that if n,m > N = |f,,(x)

— fm(2)| < e

| Theorem 6‘.3:| A The Cauchy Criterion For Uniform Convergence V

Let A be a nonempty set of real numbers. Let f,, : A — R be a sequence of functions n > 1, and for each z € A let

f(z) = lim f,(x). Then {f,} converges uniformly to f on A if and only if {f,} uniformly Cauchy on A. Proof:
n—oo
(=) Suppose that {f,} converges uniformly to f on A and let € > 0 be given.

Since f,(x) N f(x), then there exist N € N such that
ifn>N=|fu(zx)— f(z)

Hence if m > N = |fn(z) — f(2)] <
Thus if n,m > N = [fu(z) = fm(2)| = [fa(z)—f(2) + [(2) = fm(2)]

< |fala) = f(@)| + [ fmlz) = f(2)] < % + £

5 =€
Thus if n,m > N = |fpo(x) — fm(z)] <e VaeA
Therefore {f,} is uniformly Cauchy on A.
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(<) Suppose that {f,} is uniformly Cauchy on A. and let € > 0 be given.

Since {f,} is uniformly Cauchy on A, then there exist N € N such that
ifn,m>N:>\fn(x)—fm(x)|<§ VeeAd ———— — (1)
Hence for a fixed z € A{f,(z)} is Cauchy sequence = f(x) = nh—>Holo fn(x) exist.
Now, let m — oo in (1), we get, if n > N = |f,(z) — f(z)| < % <e VzeA

Then {f,} converges uniformly to f on A.

‘ Theorem 6.4:‘ []

Let f, : [a,b] = R be a sequence of integrable functions n > 1, and for each x € A let f(z) = lim f,(x). Suppose
n—oo

{fn} converges uniformly to f on [a,b], then f(x) is integrable on [a,b] and

n—oo

b b
a a

b
/ f(z) dz :/ nl;rr;o fu(z) dz = lim fn(z) da.

Proof: Let e > 0 be given, since f,(z) LN f(x), then there exist N € N such that
€

ifn>N=>\fn(x)—f(x)|<m vV x € [a,b].
Now, N +1> N = |fxs1(z) — f(2)| < 3(b6_a) Yz € [a,b].
Hence —ﬁ < fN+1(l‘) — f(l') < ﬁ Vae [a,b].

Since fn 41 is integrable on [a, b], then there exist a partition P = {a =29 < 21 < ... < 2p_1 < T, = b} of [a, b] such

€
that U(fN+17P) _L(fN+17P) <3

3
Note that
ol fz) = me[:’ilal,mk][f(x) —Invp(@) + @) < we[ws]:l_pwk][f(x) — fyp(@)] + el fnga(z) (%)
and
Ie[Ii:l_ka][f () = fna(@)] + e fnga(z) < ze[zi,fl_fl,zk][f (@) = fnpa(@) + g (e)] = e on ! (@) (o).
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NOW U f, ZMk Amk

= ZMk(f = [yt fyen)Dag

k=1
< OM(f = fn)Dae + Y Mi(fni1)Azg  using (x)
k=1 k=1
< Z T ZMk (fn+1) Dz,
k=1
€
=30=a) ; Azg +U(fn41,P)

€

= m(b—a)+U(fN+17P)

Thus U(f, P) < 5 +U(fx+1. P)
Similarly, one can show — L(f, P) < g — L(fx11, P)
Hence U(f, P) — L(f, P) < 2% +U(fxs1, P) — L(fxi1, P) < 2% + % =

Hence f is integrable on [a, b].

Since f,(x) LN f(z), then there exist N € N such that if n > N = |f,(z) — f(z)] <

b b b b
[ tutay o= [ gy i) < | \fn(w)—f(x)ldx</ g - e <o

Thus lim fn ) do = / flx

n—roo

Now, if n > N =

|
nr+1
‘ Example 6.1/4: ‘ Let f, : R — R defined by fn(z) = —.
n+nx
(a) Find f(x) = ILm fn(x).
(b) Does fn(z) N f(x), on R? prove your answer.
1
(c) Evaluate lim fu(z) da.
n—oo 0
Solution:
-h
- f2
/N
‘ i i . 1 1 1
—4 = = 1 fy 0
a4 -
—o
Figure 5:
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nr+1 x 1

Note that f, = = . H
(a) Note that f,(x) R 1+m2+n(1+x2) ence
fl@)= lim f,(z)= lim T ! S
_n—>oo n _n—>oo 1+l‘2 7’),(1—|—.132) _1+J?2

(b) Now,
i [sup (o) = ]| = tim [sup ] = i % =0,

n=0o0 | zeR Nn—00 | zcR n(l + .132) n—o00 7,

then f,(z) N f(x) on R.
(c) Since fn(x) N f(z) on R, then f,(x) N f(z) on [0, 1]. Hence

. 1 L 1 L, 1 b1
nh_{rgo ; fn(x) dxz/o nh_{rgofn(m) dx:/o f(z) dm:/o mdmzi[ln(l—l—x)]0:§1n2:1nx/§.

||
‘ Example 6.15: ‘ Let f, : R — R defined by f,(z) = Lﬂ
n+nr
(a) Find f(z) = lim f,(z).
n—oo
(b) Does fn(z) N f(x), on R? prove your answer.
1
(¢) Evaluate lim fn(z) dx.
Solution:
-1
- f
1 &
J —
2 3 2 1 1 2 f5 3
ot - fo
—o
Figure 6:
z+n = 1
(a) Note that f,(z) = ey Bl B + T Hence
x
fa) = T fulr) = tim | gL =
.r—nl_{I;on.r—nl_)HéO 1+ 22 14+ 22 14+ 22
= 1 1 T
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n+ nz? — z(2nx) n — nx? 1—xz

gy () = n2(1 + 22)2 - n2(1 + x2)2 - n(l+a2)’

gh(@)=0=1—-2?=0+=z ==+l

The sign of g),(z) —

Figure 7:

Hence |g,,(z)| has a maximum at x = +1.

lim |sup|fn(z) —f(x)@ = lim [Sup ﬁ] = lirgO =0,

1
n—oo | LR n—oo | R n(l+x2) n—oo 2N

then f,(x) LN f(x) on R.
(c) Since fp(z) N f(z) on R, and each f,(z) is continuous, then f, (z) LN f(z) on [0,1] and each f,(z) is integrable.

Hence

1 1 1 1
. . 1 -1 71 -1 -1 m m
nh_)rgo ; fn(z) do = /0 nh_{rgo fn(x) de = /0 f(z) de = /0 i dz = [tan x]o =tan""1—tan™ "0 = i -0= T

||
‘ Example 6.16: ‘ Let f, : R — R defined by f,(z) = _nsmr
2n + cos? x
(a) Find f(x) = 1i_{n fn(x).
(b) Does fn(x) N f(x), on R? prove your answer.
5
(¢) Evaluate lim fn(z) dx.
n—oo 1
d) Evaluate lim  lim n(x).
(@) Braluate Jin (2
Solution:
- h
- f
T %— /3
S Lo
o ~ fo
ol
Figure 8:
(2) |
. . n+sinx 1+ =2% 1
f@) = lim fu(@) = Jim, [m] = % ?] =3
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n+sinz 1 2n+4sinz—2n—cos’z  sinx —cos?x
(b) Now, let fu(z) = /() 2n+cos?xz 2 2(2n + cos? x) 2(2n + cos? x)
sinz — cos? x |sinz| + |cos® x| _ 2 1
H () — = < —=— vz ek
ence |fn(z) = /()] 2(2n + cos? x) 2(2n+cos?2z) ~ 4n  2n *

Thus |fn(x) — f(z)| < L V 2 € R, and hence 0 < sup |fn(z) — f(2)] < i
2n z€R 2n

Since 0 < lim [Sup|fn(x) - f(:v)] < lim LI 0, then lim [Supfn(x) — f(z)|| =0.

n—00 | 2R T n—oo 2n n—00 | zcR

Therefore f,(z) N f(x) on R.
(c) Since fp(z) N f(z) on R, and each f,(z) is continuous, then f, (z) LN f(z) on [0,1] and each f,(z) is integrable.
Hence

5 5 5 5
lim fn(x) dmz/l lim f,(z) danz/1 f(x) danz/1 %dmz%(5—1):2.

n—oo 1 n—oo
(d) Since fn(x) N f(z) on R, and each f,(z) is continuous, then f(z) is continuous and

1 1
lim lim  f.(z) = lim  lim f,(z) = lim = =
n—00 z—(2+ 1) z—(2+ %) n—00 z—(2+2) 2
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