Chapter Seven

The Normal Distribution




7-1 Introduction

* Many continuous variables have distributions that are bell-
shaped and are called approximately normally distributed
variables, such as the heights of adult men, cholesterol level

of adults.

* A normal distribution is also known as the bell curve or the
Gaussian distribution.




7-1 Introduction




7-2 Normal and Skewed Distributions

* A normal distribution is a continuous, symmetric, bell-shaped
distribution of a variable.

* If the data values are evenly distributed about the mean, the
distribution is said to be symmetrical. (mean=median=mode)

* If the majority of the data values fall to the left or right of the
mean, the distribution is said to be skewed.




7-3 Normal Distribution Properties

* The shape and position of the normal distribution curve
depend on two parameters, the mean and the standard
deviation.

* The mean, median, and mode are equal and located at the
center of the distribution.

* The normal distribution curve is unimodal (i.e., it has only one
mode).

* The curve of the normal distribution is continuous, i.e., there
are no gaps. For each value of x, there is a corresponding
value of y.

* The total area under the normal distribution curve is equal to
1.00 or 100%.




7-3 Normal Distribution Properties

The area under the normal curve that lies within
one standard deviation of the mean is approximately 0.68 (68%).
two standard deviations of the mean is approximately 0.95 (95%).
three standard deviations of the mean is approximately 0.997

(99.7%).
Area Under Curve | Normal Distribution | Standard Normal Distribution
0.68 (L—0o,u+o0) (-1,+1)
0.95 (u—20,u+ 20) (-2,+2)
0.997 (u—30,u+30) (-3,43)




7-3 Normal Distribution Properties

* Areas Under the Normal Curve
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7-4 Standard Normal Distribution

* The standard normal distribution is a normal distribution with
a mean of 0 and a standard deviation of 1.

* All normally distributed variables can be transformed into the
standard normally distributed variable by using the Z value
which is the number of standard deviations that a particular X
value is away from the mean:

X —
Z = a
o




7-5 Area Under the Standard Normal distribution Curve

The table of the standard normal distribution gives the
probability to the left of the values, P(Z < a)

Example: P(Z < 2.32) = 0.9898
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7-5 Area Under the Standard Normal distribution Curve

* Note the following
P(Z<a)=P(Z<a)
Pla<Z<b)=PlasZ<b)=P(Z<b)-P(Z<a)
P(Z>a)=P(Z2a)=1-P(Z<a)




7-5 Area Under the Standard Normal distribution Curve

* Example:

If the income of 10000 families fallows a normal distribution with
mean 1800 SR. and standard deviation 300 SR. find the following:

The probability of a family income is less than 2550 SR.
2550 — 1800

300

P(x < 2550) = p(z < ) = P(Z < 2.50)=0.9938

The probability of a family income is less than 1300 SR.
1300 — 1800

300

P(x <1300) = P(Z < ) =P(Z<-1.67) =0.0475

The probability of a family income is greater than 2400 SR.
2400 — 1800
P(x > 2400)=P(z> )=P(Z>2.00) =1-P(Z<2.00)

300
=1-0.9772 =0.0228




7-5 Area Under the Standard Normal distribution Curve

* Example:

If the income of 10000 families fallows a normal distribution with
mean 1800 SR. and standard deviation 300 SR. find the following:

The probability of a family income is greater than 1500 SR.

1500 — 1800
P(x>1500)=P(Z> 300 )=P(Z>—1.00)=1—P(Z<—1-00)

=1-0.1587 = 0.8413

The probability of a family income is between 1650 SR. and 2250 SR.

(1650 1250y _ p (1650 = 1800 2250 — 1800
( SxS ) = ( 300 %< ""300 )

= P(—0.50 < Z < 1.50) = P(Z < 1.50) — P(Z < —0.50)
=0.9332 — 0.3085 = 0.6247

The number of families that have income greater than 1500 SR.
(10000)P(x > 1500) = (10000)(0.8413) = 8413 families




7-5 Area Under the Standard Normal distribution Curve

* Example:

The lifetime of one type of microwaves follows a normal
distribution with mean 3 years and standard deviation 1 year. If
one microwave was chosen randomly.

What is the probability that its lifetime will be greater than 2 years?
2-3
P(x>2)= P(z >T) =P(Z>-1.00)=1—P(Z<-1.00) =1—-0.1587 = 0.8413

If the microwaves have warranty for one year, what is the percentage
of microwaves that the factory has to exchange with free new ones?

(100)P(x < 1) = (100)P (z < 1—;3) = (100)P(Z < —2.00) = (100)(0.0228) = 2.28%




7-6 Distribution of Sample Means

* A sampling distribution of sample means is a distribution
obtained by using the means computed from random samples
of a specific size taken from a population.

* Sampling error is the difference between the sample measure
and the corresponding population measure due to the fact
that the sample is not a perfect representation of the
population.




7-6 Distribution of Sample Means

* The Central Limit Theorem

As the sample size n increases, the shape of the distribution of
the sample means taken with replacement from a population
with mean u and standard deviation o will approach a normal
distribution.

Thus, the mean of the sample means equals the population
mean, uz = u, and the standard deviation of the sample means
which is called the standard error of the mean is ¢, = il

Vn

The central limit theorem can be used to answer questions about
sample means in the same manner that the normal distribution
can be used to answer questions about individual values.

X —
A new formula must be used for the z values: z=2_%
Vn




7-6 Distribution of Sample Means

* Example:

A.C. Neilsen reported that children between the ages of 2 and 5
watch an average of 25 hours of TV per week. Assume the
variable is normally distributed and the standard deviation is 3
hours. If 32 children between the ages of 2 and 5 are randomly
selected, find the probability that the mean of the number of
hours they watch TV is greater than 26.3 hours.

26.3 — 25
3

V32

=1-P(Z<2.45)=1-0.9929 =0.0071

P(x>263)=P| Z> =P(Z > 2.45)




7-6 Distribution of Sample Means

* Example:

The average age of a vehicle registered in the United States is 8
years, or 96 months. Assume the standard deviation is 16
months. If a random sample of 36 cars is selected, find the

probability that the mean of their age is between 90 and 100
months.

B 90 — 96 100 — 96
P(90 < x < 100) = P

< Z<
16//36 16//36
= P(-2.25<Z < 1.50) = P(Z < 1.50) — P(Z < —2.25)

=0.9332 -0.0122 = 0.9210




7-6 Distribution of Sample Means

* Example:

The average number of pounds of meat that a person consumes a
year is 218.4 pounds. Assume that the standard deviation is 25
pounds and the distribution is approximately normal.

Find the probability that a person selected at random consumes less
than 224 pounds per year.

224 - 218.4
25

P(x <224)=P (z < ) = P(Z < 0.22)=0.5871

If a sample of 40 individual is selected, find the probability that the
mean of the sample will be less than 224 pounds per year.

224 — 218.4
25 /y/40

P(X <224)=P (z < ) = P(Z < 1.42)= 0.9222




7-7 Standard Normal Distribution tables
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7-7 Standard Normal Distribution tables
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