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‘Deﬁm’tion 3.1:‘ Let Let f : [a,b] — R be bounded function , and P = {zg,x1,...,2,} be a partition of [a, b].

For each interval [z_1, zx] choose t;, € [zx—1,xk]. Then the number S(f, P) = > f(tx)Axy is called a Riemann sum
k=1
of f over P determined by {t}.

k(b—a)

‘ Example 3.1:‘ Let f: [a,b] = R be a bounded function and let P, = {xk | z, = a + ,k=0,1,.. .,n} ,
V¥ n € N be a partition of [a,b]. Let t;, = xp_1,k = 1,...,n then Riemann Sum is S(f, P) = > f(zr—1)lxy. Also if
k=1

n
we choose t;, = %, then Riemann Sum is S(f, P) = Y. f (%) Axy,. The two sums may not be equal.
k=1

| Theorem 3.1:| []

Let f : [a,b] = R be a bounded function on [a,b]. Then f is integrable on [a, b] if and only if there is a real number

A € R such that for € > 0 there is a partition P such that if P is any partition of [a, b] with P. C P and if S(f, P) is
b

any Riemann Sum for f over P then |S(f, P) — A| < e. If the condition is satisfied, then A = f I

Proof: (=) Suppose f is integrable on [a,b]. Let A = f f and e > 0 be given. There is a partition P. of [a,b] such
that U(f, P:) — L(f, P:) < e. Let P any partition of [a, b] such that P. C P. Then L(f, P.) < L(f,P) < S(f,P) <
U(f,P) < U, P.) < L(J, ) +
Also L(f, P.) < L(f, P <ff<Uf, P) <U(f,P.) < L(f,P.) + e. Hence |S(f, P ff|<e’:‘
(<)
. For each k = 1,2,...,n choose tg,up € [xr_1, 2] such that My (f) — To=a < f(tr) and f(ur) < mg(f) + TR
Thus M. (f) —mw(f) < f(tx) + g5 — f(ur) + 1577 = f(tr) — f(ur) + 55775 Now,

) =
(

Let € > 0 be given. By the condition there is a partitionP. = {a = zg, z1, ..., xn = b} such that |S(f, P.)—A| <

U(f. Po) = L(f, P) = Y (Mi(f) — mi(f)) Day
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= [S(fv-PE)_A] - [S(fv-PE)_A] + 2(b—a)(b_a)
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Thus f is integrable on [a, b].

To show that A = fbf:

Let € > 0 be given. ]ély the condition there is a partition P; such that if @ is any partition of [a,b] with P, C @ then
|S(f, Q) — A| < §. Also since f is integrable there is a partition P of [a, ] such that U(f, P») — L(f, P2) < §.

Let P = Py U P, then U(f,P) — L(f,P) < § and |S(f,P) — A| < §. Thus U(f,P) < L(f,P) + 5. Note that
L(f,P) < S(f,P) < U(f, P). Hence L(f,P) < S(f, P) § U(f,P) < L(f, P)+ 5. Therefore |S(f, P) — L(f, P)| < £.
Also we have L(f, P <ff<Uf7 P). Hence L(f, P <ff<Uf, )<§.Theref0re\fbf—L(f,P)\<§.Now,

b b

/ oAl = / f=L(f,P)+ L(f,P)~S(f,P) + S(f,P) — A

a

IN

b
/ = LU, P)| +L(f, P) = S(F, P)| + |S(f, P) — A

wlam 3
[JCR e
Wl o

b
Hence A= [ f.

| Theorem 3.2:| []
Let f : [a,b] — R be a bounded function on [a,b]. Then f is integrable if and only if there is a real number A € R

such that for € > 0 there is a § > 0 such that if P is any partition of [a, b] with || P|| < ¢ and if S(f, P) is any Riemann
b

Sum for f over P then |S(f, P) — A| < . If the condition is satisfied, then A = [ f.

b
Proof: (=) Suppose f is integrable on [a,b]. Let A = [ f and € > 0 be given. There is a partition P. = {a =

Zo, %1, , oy = b} of [a,b] such that U(f, P.) — L(f, P:) < % Let M = sup f(z) and m = inf f(z) and let

z€a,b] z€(a,b]
5 = We—m) (N is the number of subintervals in P.) Let P be any partition of [a,b] with ||P|| < ¢ and let
P* = PU P, then P. C P*. Now, since P C P*, we have U(f, P*) < U(f, P), L(f,P) < L(f, P*), U(f, P*) <
U(f, o), and LS, P2) < LT, P*) we have U(S, P) = U(f P*) < N = m)|[P| < N(M = m) s = ¢ and
€ € €
L(f,P*")—L(f,P) < N(M— P NM-m)ce——— == P*)—L(f, P*) < P.)— y Fe 2"
(1P~ L. P) < NOI-m)[ P < N -m) ot = Sand U P~ LU P7) < UG P~ LU P <
Now, we have
2
L(f.P) =5 <L, P) S S(f.P) SU(SP) <U(f,P7) + 5 < L(F P+ 5
and
/ 2
LU, P = S < L(P / ) <UL P+ 5 < LU P+ 5
Hence

b

st.p)- [ f]<e

a

(«<=) Suppose that the condition holds. Let € > 0 be given. By the condition there is a § > 0 such that if P is any
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partition of [a,b] with ||P|| < ¢ and if S(f, P) is any Riemann Sum for f over P then |S(f, P) — A| < e. Let @ be any

partition of [a,b] such that P C @ ,then [|Q| < ||P|| < d. Hence if S(f,Q) is any Riemann Sum of f over @, then
b

|S(f, Q) — A| < e. Then by the previous theorem f is integrable and A = [ f.

| Theorem 3.3:| []

Let f : [a,b] — R be a bounded function on [a, b]. Then f is integrable if and only if for each sequence { P, } of partitions

of [a, b] with li_>m | P.]| = 0, the sequence of Riemann sums {S(f, P,)} converges. If the condition is satisfied, then

[ 1= lim S(7.P).

Proof: The proof is left as an exercise.

‘ Example 3.2:‘ Let

1 D

- r = —, (p7 q) =1
flay={ « q

0 for irrational « and = = 0.

1
Prove that f is integrable on [0,1] and find [ f.
0

Solution:For each n € {2,3,5,7,11,13,17, - - }(the set of prime numbers) let P,, = {0, 2, 2=1 1} then P, is a
k=1

partition of [0, 1] with || P,|| = 1. For each 1 < k < n let tj, = £ then ¢t € | E)and (k,n) = 1. Thus f(ty) = L for

n

each 1 <k <n.

n no11 no1 1 1
Now S(f,Pn) = > f(tx)Dvxy = 33 —— = > — = —.n = —. Now, we have a sequence of partitions {P,}
k=1 k=11 T k=17 n n
with lim |[P,|| = lim 1 = 0 and also we have the sequence of Riemann Sums {S(f, P,)} converges to 0 since
n— oo n—oo

1 1
lim S(f,P,) = lim — = 0. Then f is integrable and [ f = lim S(f,P,) =0.
n— oo n—oo N 0 n—o00
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