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‘ Definition 1.1:‘ Let [a,b] € R be a closed and bounded interval.

i) A Partition of [a,b] is a set of points P = {zg,x1,...,2,} such that
a=z9g< 21 <...<xy =0

Note that the point of the partition divide [a, b] into non-overlapping subintervals [zg, 21], 21, Z2], . . ., [Tn—1, Zn],
and [a,b] = Up_; [Te—1, 2]

ii) The norm of a partition P = {xg,z1,...,2,} is [|P|| = max{ay —zp_1 : k=1,2,...,n}.

ili) A refinement of a partition P = {xg,x1,...,2,} is a partition @ of [a,b] such that P C Q.

‘ Example 1.1:‘ Let [a,b] C R be a closed and bounded interval and let
k(b — a)
n

P, = {xk |z =a+ k=0, 1,...,71}7 Vn € N . Prove that for each n € N, P, is a partition of [a,b] and

Py, is a refinement of P, .

0(b— b—
Solution: We have xg = a + (na)za, and xnza—i—u:b.
Now, if 1 < k < n, we have
k—1)(b—
mk_lzaJr( )(b—a)
n
k(b —
<a-+ ( @)
n
= Xk-

Hence a = 29 < x1 < ... < x, = b. Thus P, is partition of [a, b].

To see that P, C Ps,: Let 0 < k < n, then 0 < 2k < 2n. Now, if z; € P,, we have

k(b—a)
Qk(g— a)
2n

T =a -+

=a+

= Xai, € Poy,.
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‘Deﬁm’tion 1.2:‘ Let [a,b] € R be a closed and bounded interval, P = {xg,z1,...,2,} be a partition of [a,b],

and f : [a,b] = R be bounded function. For k =1,2,...,n, let Azy =z — Tp_1,
My, = My (f) = sup{f(z) | z € [xr—1,zx]}, and my = myp(f) = nf{f(z) | = € [xr—1,zx]}.

i) The upper Riemann sum of f over P is the number

U(f, P) = ZMkAxk
k=1

Figure 1: U(f, P), an upper Riemann sum

ii) The lower Riemann sum of f over P is the number

L(f, P) = Z mkAxk.
k=1

\

a X X9 I3 Ty Ty Te b

Figure 2: L(f, P), a lower Riemann sum

Remark 1.1: | Let f : [a,b] — R be bounded function. Then L(f, P) < U(f, P) for all partition P of [a,b]. Proof:
Let P = {xg,21,...,2,} be a partition of [a,b]. Since mj, < My, Vk=1,2,...,n, then

L(f,P) = kaAZL'k
k=1

< zn:MkAm
k=1

U(f,P).

Hence L(f, P) < U(f, P) for all partition P of [a, b].

September 20, 2011 2 (© Dr.Hamed Al-Sulami



The Riemann Integral

Dr.Hamed Al-Sulami

k
‘Ewample 1.2:‘ Let f :[0,1] — R given by f(z) = x, and for n € N, let P, = {xk | z = —,kzO,l,...,n} be a
n

partition of [0,1]. Find U(f, P,) and L(f, By).

Solution:
Since f is an increasing function we have mj, = kn;l, My = %, and Az = 1,
k=1,2,...,n. Thus
n
U(f,Pa) =Y My,
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Note 1.1:| Note that for any set A we have inf A < sup A and if A C B, then

inf B<inf A <supA <supB.

September 20, 2011 3

(© Dr.Hamed Al-Sulami



The Riemann Integral Dr.Hamed Al-Sulami

If P* is a refinement of the partition P of [a,b], then for any bounded function f define on [a, b],

L(f,P) < L(f,P*) <U(f, P*) <U(f, P).

Proof: Suppose P = {xg,21,...,2,} be a partition of [a,b] and P* = {z*} U P such that 2;_1 < * < z; for some

1 <i <. Since [x;—1, ;] = [zi—1, 2% U [z*, 2], then m; < inf{f(z) | x € [x;—1, 2]} and m; < inf{f(x) | z € [x*, 2]}

L(f, P) = Z mkAxk
k=1

i—1 n
= Z mrpQAxy +m; Ax; + Z mrAxy,
k=1 k=i

i—1 n
= kaAxk +mi(z; —xim1) + kaAxk
k=1 k=i
i—1 n
= kaAxk +mi(z; —x* +a* —xiq) + kaAxk
k=1 k=i
i—1 n
= kaAxk +mi(x; — ™) +my(a™ —xi1) + kaAxk
k=1 k=i
i—1 n
< kaAxk + [inf{f(z) | x € [z", @] }] (x; — ™) + [Inf{ f(2) | z € [wi—1,27|}] (2" — 2i21) + kaAxk
k=1 k=i

= L(f, P").

Hence L(f, P) < L(f, P*).
Now, if P* = {a7,25,...,2;} UP. Let P, = {zi} UP, and P, = {z;} U Py—1, k = 2,3,...,1. Thus we have a set
of partitions of [a,b], P1, P, < ..., P, such that P, C P, C ... C P, = P* and each partition is obtained from the

preceding one by adding exactly one point. Then

Similarly one can show U(f, P*) < U(f, P). Therefore L(f, P) < L(f,P*) <U(f,P*) <U(f,P).
[ |

| Remark 1.2:| Let P be any partition of the interval [a,b]. Let P* = {z*} U P and P} = {z},z3,...,2;} UP
If f: [a,b] = R be bounded function. Let M = sup{f(z) | = € [a,b]}, and m = inf{f(z) | z € [a,b]}. Then
L(f, P*) = L(f, P) < (M —m)||P||, U(f, P) = U(f, P*) < (M —m)|P||, L(f, F) — L(f, P) < k(M — m)|P]|, and
U(f, P) = U(f, By) < k(M —m)||P|.

Proof: Suppose P = {9, x1,...,2Tn} be a partition of [a,b] and P* = {z*} U P such that z;_1 < 2* < z; for some

1 <4 <n.Since [x;—1,x;] = [Ti—1, 2*] U [x*, 2;], then m < m; <inf{f(z) | z € [x;,—1,2*]} and
m <m; <inf{f(x) |z € [z*,2;]}. Also m <sup{f(z) |z € [xi—1,2*]} < M; <M and

m < sup{f(x) |z € [z*,2;]} < M; < M.
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Hence
L(f,P*) = L(f, P) = nf{f(2) | x € [wi—1,2"|}z" — zi—1) + inf{f(z) | z € [27, @]} (@i — ") — my(z; — 25-1)
< M(x* —xi-1) + M(x; — %) — m(x; —xi-1)
=M@ — i1 +x; —x) —m(z; — xi-1)

< (M —m)|P].

Also
U(f, P) = L(f,P*) = Mi(z; — zi—1) —sup{f(z) | ¥ € [z—1, 2"} (2" — zi—1) —sup{f(z) | z € [27, zi]}(2; — 27)
< M(z; —xi—1) —m(z; — ") —m(x; — xi—1)

=M(x; —xi1) —m(z" —xi_1 + 2 — 27)

< (M —m)|[P].

By induction we can prove that L(f, P}) — L(f, P) < k(M —m)||P||, and U(f, P) = U(f, P}) < k(M —m)|P|.

‘ Definition 1.3:‘ Let f : [a,b] = R be bounded function.

i) We define the upper Riemann integral of f on [a,b] as
T b
/ f=mf{U(f,P) | P a partitions of [a, b]}

= infU(f, P).

ii) and we define the lower Riemann integral of f on [a,b] as
b
/ f=sup {L(f, P) | P a partitions of [a, ]}

= SupL(faP)'
P

ili) f is called Riemann integrable on [a,b] if f;f = fjf and we define f; f(x) dz to be the common value.

‘Emample 1.3:‘ Let [a,b] C R be a closed and bounded interval an let f(z) = ¢, for some ¢ € R. Prove that f is

integrable on [a, b] and that fj cdr=c(b—a)

Solution:
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Let P = {xo,21,...,2,} be any partition of [a,b]. Then my = My, =¢, k=1,2,...,n. Thus

U(f,P) = ZMkAl'k
k=1

n

= Zc(mk — Tp_1)

k=1
= cZ(mk — Tp_1)
k=1
=cllzr—mo) + (@r—20) + ... + @n=1 — Zn=7) + (Tn — Tp=1)]
=c(b—a)

and

L(f, P) = Z mkAxk

k=1
=c)y (v —xp_1)
k=1
=clEr—zo) + (@r—21) + ... + @p=1— Zn=2) + (Tn — Zu=1)]
=c(b—a)

Hence f_jf = f:f = ¢(b — a). Therefore f; cdr=c(b—a).
||

If P, and P, are any two partitions of [a, b], then for any bounded function f define on [a, b], then
L(f, Pr) <U(f, Pa).
Proof: Note that if P* = P, U P, then P* is a refinement of both P; and P». Then from Lemma 1 L(f, P;)
L(f,P*) < U(f,P) < U(f, P1), and L(f, P;) < L(f, P*) < U(f, P*) < U(f, P»). Hence L(f, 1) < L(f, P*) <
U(f,P*) <U(f, P2). Therefore L(f, P1) <U(f, P»).

IN

||
For any bounded function f define on [a,b], the upper Riemann integral and the lower Riemann

integral exist, and f; < f_j f-

Proof: By Lemma_2, L(f, P1) < U(f, P,) for all partitions P; and P, of [a,b]. Now, U(f, P») is an upper bound for

the set {L(f, P) | P a partitions of [a,b]}, then

f;’f =sup{L(f, P) | P a partitions of [a,b]} < U(f, P2). Since P» is an arbitrary partition of [a, b], then f;f is a lower

gund for the set {U(f, P) | P a partitions of [a,b]}. B

Thus fjf < inf{U(f, P) | P a partitions of [a,b]} = f_;f Hence f:f < f_:f.

Note 1.2:|Let f : [a,b] — R be a bounded function on [a, b]. For any partition P of [a,b] we have

L(.P) < L fsffszf(f,P).

September 20, 2011

(=2}

(© Dr.Hamed Al-Sulami



The Riemann Integral Dr.Hamed Al-Sulami

‘ Example 1.4:‘ Let [a,b] C R be a closed and bounded interval an let f(x) = z. Prove that f is integrable on [a, ]

and that f; r dr = #

Solution:

k(b — a)

Let P, be the partition of [a,b] into n subintervals given by P,, = {xk | 2, =a+

. . . . k—1)(b— k(b= _
f is an increasing function we have my, = a + w, M, =a+ M, and Az, = =2

k=1,2,...,n. Thus

7k:O,l,...,n}.Since

U(f, Pn) My Awy,

SR

n n

I
M=

B
I

1

I
M=

I
-

[ n

" k(b —a)
at+ )y ———>
e

Lk=1

b—a | b—a

Stoaf$a ey
Lk=1 k=1

b—a | (b—a),%’(n—l—l)}

-~ >
|
S

2

n n 1
, We use Za:na and Zk: M
k=1 k=1

=— _na+—/%/ 5

~b—a[2na  (b—a)(n+1)

) _T*f}

~b—a[2na—(n+1)a+bn+1)

on L 2 ]

_b—a[2na—na—a+bn+b

oo | 2 }

_b—a[nb+a)+(b—a)

oo | 2 ]

_ [n(b—ka)(b—a)—i—(b—a)(b—a)]
2n

w(b® —a?) | (b—a)

:{ w 2n}

_b2—a2 (b—a)?

~ T2 T

September 20, 2011 7 (© Dr.Hamed Al-Sulami



The Riemann Integral Dr.Hamed Al-Sulami

_b-a Za—l—b;ai(k—l)], we use ia:na and i(k—l): (n—l)((r;—l)—l—l) = (n—21)n
k=1 k=1

Lk=1 k=1

n w 2

n 2 2

_b—ua _271_a+ (b—a)(n—l)]

_b—a?na—(n—l)a—kb(n—l)}
n | 2
b—a—2na—na—|—a—|—bn—b]
n | 2
b—a_n(b—i—a)—i—(—b—i—a)}
n | 2
:b—a_n(b—l—a)—(b—a)}
n | 2
_ {n(b%—a)(b—a)—(b—a)(b—a)}
2n
[ et
27 2n
> —a?  (b—a)?
2 20

Now, since {U(f, P,) | n € N} c {U(f,P) | P a partitions of [a, b]}, then

b? — a? b2 —a? (b—a)? h
5 :inf{ 5 + ™ neN}:inf{U(f,Pn)neN}>inf{U(f,P)Papartitionsof[a,b]}:/x.

b 2 2
Thus [ z < b >4

Also, since {L(f, P,)) | n € N} C {L(f,P) | P a partitions of [a,b]}, then

2 _ 2 2 _ 2 )2 b
b —a :sup{b 2a _(b2a) |n€N}:sup{L(f,Pn)neN}<sup{L(f,P)|Papartitionsof[a,b]}:/x.
n a

2 2
Thus b% < fbx.

p2_ g2 b b b2 g2 _ _
Therefore >5% < [’z < xﬁTa.Thusf_x— =5

| Theorem 1.1:| [The Riemann Integrability Criterion I:]

Let f : [a,b] — R be a bounded function on [a,b]. Then f is integrable on [a,b] if and only if for £ > 0 there is a
partition P- such that
U(f,P.)— L(f,P.) <e.
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Figure 3: U(f, P) — L(f, P)

Proof: (=) Suppose that f is integrable, then infp U(f, P f f= f f=supp L(f,P). Let € > 0 be given. Since
fjf + 5 is not a lower bound of the set {U(f, P) | P is a partition of [a, b]}, there is a partition P; of [a, b] such that

i i c

[r<viry< [r+5
Similarly, since f;f — 5 is not an upper bound of the set {L(f, P) | P is a partition of [a,b]}, there is a partition P,
of [a,b] such that

b b
€
[r-5<tsm< [+ ( /f< ~L(f,P) < /f+ )

Let P. = P, U P,, then P is a refinement of both P; and P,. Hence By Lemma 1, we have

L(f, Py) < L(f, P:) and U(f, P) S U(f, P).

Now,

b b b b
U(f, P~ L(f. P) < U(f, P <f,P2></f+§—Vf—§]:/f+§—/f+§=e.

(<) Suppose that for € > 0 there is a partition P. such that

U(f,P.)—L(f,P.) <e

Now, let € > 0 be given. Since

then

Hence fff = f;f Thus f is integrable.
||

‘ Corollary 1.1: ‘ Let f : [a,b] — R be a bounded function on [a, b]. If {P,, : n € N} is a sequence of partitions of [a, b]

such that

n—roo
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then f is integrable and ,

f= lim U(f,P,) = lim L(f, Py).

a n—oo

Proof: Let e > 0 be given. Since lim, oo [U(f, P,) — L(f, P,)] = 0, then there exist N € N such that
ifn>N:>U(f, ) — L(f, P,) =|U(f,P,) — L(f, P,)| < e. Hence f is integrable.
Thus f f= f f= f f. Therefore using Note 1 we have L(f, P,,) < f f<U(f,P,). Now,

b b
>N = U(f,Pn)—/ f‘:U(f,Pn)—/ F<Uf P — L(f,Py) < ¢
Thus
s 0GR = [
Also
b b
itn>N=| [ LU= [ L P) <UGR) - LR <2
Hence

33, T P / !

||
‘ Ezample 1.5:‘ Show that f12(3m +1) de =1L
Solution: Let P, be the partition of [1, 2] into n subintervals given by P,, = {xk |z, =1+ k2= 1) k=0,1,..., n} .
Let f(z) = 3z+1. In each subinterval [zj_1, )] = {1 + %, 1+ %} the function f is increasing. Hence its maximum

k _
will be at £ = 1 4+ — and its minimum will be at =1 4+ ——. Thus
n n

mk:3<1+(k;1)>+1=3+3(k_1)+1:4+3(k_1)’

Mk:3<1+5>+1:3+%+1:4+%, and
n n n

1
A.T?k:—,k‘:LQ,...,n.
n
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Thus

and

L(f, Pn)

Now,

n
= E mkAxk
k=1

n

D

k=1

et

n

S|

Lk=1
n

k=1
3n(n—1)
4n UQT}

iz(gn) . 3(n2— 1)}
[8n + 3n — 3}

| 2
_lln—S}

S|l—= 3= 3|~ 3= 3|+

| 2
11n -3
2n ]
117 3
2n]

[ —

=
(\™)
¥l
|

3
2n’

o

11
2

n

Zn: 4+ % > (k- 1)]
Lk=1

|

[ & " 3(k — 1))
I N
O

3

2n

Dr.Hamed Al-Sulami

U(f, Pa) =) MDAy
k=1

-]

11
2

Sl

S|l— 3|~ 3|~

|

1

(]

[+ 3] [

Fosy]
:kzl k=1 "
Fois
Lk=1 " k=1

[ 3a(n+1)
4n +/;/T]

| 2
11In+3
2n

1 3
4+ =

:11n+3]

2 op

—D((n—1)+1)

(n—1)n

, we use Za:na and Z(k—l) = (n
k=1 k=1

n—oo

2

2

6 3 .
___] =5 = hence lim [U(f, P,) — L(f, P,)] = 0.
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Therefore

n— oo

2
/(3:10—1—1) dx = lim U(f,P,) = lim [E—i— 3} :E.
1 n—00 2

| Theorem 1.2:| [The Riemann Integrability Criterion II:]

Let f : [a,b] — R be a bounded function on [a,b]. Then f is integrable on [a,b] if and only if for e > 0 there is a
0 = 0(g) > 0 such that if P is any partition with ||P|| < ¢, then U(f, P) — L(f, P) < e.
Proof: (=) Suppose that f is integrable. Let € > 0 be given, then by Theorem 0.1 there is a partition P. = {a =
To,T1,..., 2Ny = b} such that U(f, P.) — L(f, P-) < 5. We want to show that there is a ¢ > 0 such that if P is any
partition of [a,b] with ||P| < §, then U(f,P) — L(f,P) < e. Let § = Tor—myw- i P is any partition of [a,b] with
|IP|| < 0. Let @ = PU P, then by Remark2 we have

€ €

LUQ) = (S P) < NOM = m)| Pl < N —m)d = N(M —m) s =

W~ |

Thus L(f,Q) — L(f, P) < .

Also
U(f,P) = U(f,Q) < N(M — m)||P|| < N(M —m)§ = N(M —m>m =<

| ™

Hence U(f, P) - U(f,Q) < §. Now,

since P- C Q = L(f, P-) < L(f,Q)
= L(f,P-) = L(f,P) < L(f,Q) — L(f, P) <
Also, since P. € Q = U(f,Q) <U(f, P:)
= -U(f,P) < -U(f,Q)
= U(f,P)=U(f,P.) <U(f,P)-U(f,Q) <

1™
—
—
S~—

IR
—
[\}
S—

Now,

L(f.P:) = L(f.P) < 5
U(f,P)-U(f,P.) < Z adding the two inequities
U(f,P) = L, P) = (U(f,P.) = LU, P)) < S + 2

U(f, P) = L(f,P) <U(f, P.) = L(f, ) +

U(f, P) — L(f,P) < %—F%:s.

(<) Suppose that for € > 0 there is a 6 > 0 such that if P is any partition with ||P| < 6, then U(f, P) — L(f, P) < e.
Now, let € > 0 be given. Choose a partition P such that ||P|| < d, then U(f, P) — L(f, P) < . Hence f is integrable
by Theorem 0.1.

[ |
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