Homework Three gm
Due date: Department of Mathematics Dr. H. Al-Sulami

Math 311 all sections Fall 2013

You must solve question number one and any other two.

2n2+43
3n2—n

1. For the sequence { }>° , find the limit and prove your answer using the definition.

2 2
243 M4 244 9
1 2 = lim B = lim 1 = —
n—oco 3N —n  n—oo 3T _ N nooo 3 = 3
n n n
Discussion:
; 2n243 _ 2
We want to show limy, o0 57 8 =2

2n*+3 2| |60 +9—6n°+2n
3n2—n 3| 9n2 — 3n
2 9
__ntY Note that: 2n 4+ 9 < 2n + 9n = 11n
9n2 — 3n
11n 1
— Note that: 9n? — 3n > 9n? — 3n? < <
~ 9n2 —3n ote that: on =n " 9n2 —3n — 9n2 — 3n?
1n 11
= 6n2  6n
Now, let <e
- >11
n> —.
6e
. 2
Proof of hmn_wo%:% :

Let € > 0 be given. Let N € N such that N > %.

1 1 6e
Now, if n > N n<N<11

Now, if n > N =

Therefore lim =
n—oo 3n2 —n
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2. Let f:R — R be a function such that |f(z) — f(y)| < C|z —yl|, for all z,y € R and for some C > 0.

Let {a,} be a sequence of real numbers such that lim a, =a € R.
n— oo

(a) Prove that lim f(a,) = f(a).
n—oo
Discussion:

Since |f(x) — f(y)| < Clz —y|, for all z,y € R, then |f(a,) — f(a)| < Cla, — al, and we want Cla,, — a| <
€=lap —al < &.
Proof:

Let € > 0 be given. Since lim a, = a € R then there exist N € N such that if n > N = |a, —a| < &.

n—oo

Now if n > N = |f(an) — f(a)| < Clay, —a] < C.& = e. Hence lim f(a,) = f(a).
n—oo
(b) Is the sequence {tan~! (1 + 2)} convergent? If it is convergent find the limit.

From Calculus we know that |[tan~'z — tan~'y| < |z — y[, Vo,y € R. Since lim [I + 1] = 1, then

n—oo

{tan~! (1 + 1)} is convergent and the lim tan~'(1+21)=tan"11=Z.
n—oo
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3. Let {z,} be a convergent sequence and {y,,} is a divergent sequence.

(a) Prove that {z,, + y,} is divergent.
Suppose that {z, + y,} is convergent. Now since {z,} is convergent and {z, + y,} is convergent, then
difference between them is convergent. Since y,, = =, + yn — , then {y,} is convergent. Contradiction,
therefor {z, + y,} is divergent.

(b) Is the sequence {(—1)" + 2} convergent? If it is convergent find the limit.

Since {(—1)"} is divergent and {1} is convergent, then by (a) {(—1)" + 1} is divergent.
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4. Let {x,} be a sequence of positive real numbers such that li_>m r, =z € RT. Let m € Z.
n—00
(a) Prove that lim z]' = 2.
n—oo
Discussion:

m
Note that if m > 0, we have 2™ — 2™ = (x,, — x) > ™ Fgh=1,

m

|z — ™| = |z, — 2].] 3 2™ Rk <z, — 2| (3 |2, ™2 F ). Now, we want to get raid of |z, [ *
k=1 =1

we do this by using the fact that {z,,} is bounded because it is convergent. Hence there exist M > 0 such

that |z,| < M for all n.

m m m
Hence |z]! — 2| = |z — x|.| D xﬁ_kazk_” <l|xp—z|( D] |:cn|m_k|:C|k_1 <l|xp—z|(>] Mm_k|x|k_1). Let
k=1 k=1 k=1

B = Tzn: M™F|z|F=1 € RT. Thus |2 — 2™| < Bla, — z|. We want Blz, — x| < e = |z, — 2| < 5
Prof;?:1

Case I: If m >0

Let € > 0 be given. Since {z,} is convergent, then there exist M > 0 such that |x,| < M for all n.
Since nh_)ngoxn =z € RY, then there exist N € N such that if n > N = [z, — 2| < 5.

Now, if n > N = |a3" — 2™| < Bla, — 2| < B.5=¢

Hence lim z)' = x™.

n—oo

Case I If m < 0

Note that —m > 0 and o™ = a_lm = (%)7m Since xp,,x > 0. then lim zi = % and by Case I
n—oo wn
—-m _ —m _
lim (L> = (1) Now, lim 2" = lim —L_ = lim (L) )
n—oo \In z n—o00 n—00 Tn n—oo \In z z

Case III: If m =0

lim 2™ = lim 29 = lim 1 =1=2%=2™.
n—oo n—o0 n—oo

(b) Prove that there exist N € N such that if n > N = § <z, < 3.
Discussion:

Since z,,x > 0, and 1i_>m z, = x € RT, then there exist N; € N such that
n o0

ifn> Ny = |z, —z| <€
= <z, —x<é

=zr—d <z, <x+¢€

We want = + € = 3z & € = 2z.
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Since z,,x > 0, and 1i_>m z, = x € RT, then there exist Ny € N such that
n o0

ifn>Ny= |z, —z| <€
=<z, —x <€

:>ac—e"<xn<x+e"

Wewantx—e”z%@e = .
Proof:

Since z,,x > 0, and 1i_>m z, = x € RT, then there exist N; € N such that
n o0

ifn>N = |z, —z| <2z
= 2r<x, —x<2x
=r—2r<x,<x+2

= —x <z, <3

Hence there exist N7 € N such that if n > Ny = z,, < 3z.

Also since x,,x > 0, and lim z, = 2 € R", then there exist Ny € N such that
n—ro0

2

ifn>N2:>]xn—x\<?x
2x 2x
:>—?<1'n—1'<?

2x 2x

3
= L < < or
i hadd
3 77" 3
Hence there exist Ny € N such that if n > Ny = § < z,.

Let N = max{Ny, Na}, if n > N then n > Ny and n > N3 and hence n > N = § <, < 3.
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9. Let {z,} be a sequence of real numbers.
(a) Prove that there exist a sequence {m,} C Z such that lim [z, — 2] = 0.
n—oo
Discussion:

Note that for x € R,d'm € Z > m < x < m + 1. Now, for each n € N, since nx,, € R, then there exist
m, € 7Z such that m,, < nx, < m, + 1. Hence % <z, < % + % Therefore for each n € N, since
nr, € R, then there exist m, € Z such that 0 = 7= — 7o < g, — & < %—i—%—%—i—% :%. Thus
0< |xn—%|:xn—%<%.WecanchooseNENsuchthat % <.

Proof:

Let € > 0 be given. Choose N € N such that % <e.

1 1
If N=— < —
n > n<N<e

= | ] M1 < ! <
Tp——| =2, —— < —< =<c¢
" " n n N
m m
Ifn>N=|z,— — 0= |z, — —| <e

Hence lim [z, — ™2] = 0.

n—00 n

(b) If lim x, =z, prove that lim ™= = z.
n—o0 n—oo
Since 7 = x,, — [r, — %] and since lim z, =z, and lim [z, — %] = 0.
n—o0 n—oo

Then lim 22 = lim z, — lim [z, — 2] =2 —-0=z.

n—oo n—o00

n—+00 n
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6. Let {yn} be a sequence of positive real numbers such that 1i_>m Yn = 0.
n—oo
(a) Let {x,} be a sequence of real numbers and = € R. Suppose that there is N; € N such that

if n > Ny = |z, — z| < y,. Prove that T}Lnéoxn = z.

Discussion:

Since vy, > 0, and nlggo yn = 0 then there exist Ny € N such that if n > No = vy, = |yn| = |yn — 0] < €.
Given that there is N7 € N such that if n > Ny = |z, — 2| < y,. Let N = max{N;, N2} € N and if
n>N = |z, —z| <y, <€. We want € = e.

Proof:

Let € > 0 be given. Since y, > 0, and nlgréo Yn = 0 then there exist Ny € N such that if n > Ny =
Yn = |yn] = |yn — 0] < €. Given that there is N3 € N such that if n > Ny = |z, — 2| < y,. Let

N =max{Ny,N2} e Nand if n > N = |z, — 2| < y,, < e. Hence lim z, = z.
n—oo

(b) Suppose that {z,,} is bounded sequence. Prove that lim z,y, = 0.
n—roo
Discussion:

Since {x,}, is bounded sequence then there exist M > 0 such that |z,| < M for all n. Since y, > 0,
and nh_)rréoyn = 0 then there exist N € N such that if n > N = y, = |yn| = |yn — 0] < €. Now, if
n> N = |zyyn — 0] = |T0yn| = |2p|yn < My, < M€'. We want Me' =€ & ¢ = 5

Proof:

Let € > 0 be given. Since y,, > 0, and nh_)ngo yn = 0 then there exist N € N such that if n > N = y,, = |y,| =

lyn — 0| < 57. Now, if n > N = |2,y, — 0| = |znyn| = |Tn|yn < My, < M4} = €. Hence li_)m Tnyn = 0.
n o0
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7. Letaz; =1and x4 =21, +3, forn>2

(a) Prove that 1 < z,, <3.
We use mathematical induction to prove this (you did this in Math251) Prove it for n = 1.
Assume it is true for n = k£ and use it to prove it for n = k + 1.

Since 1 <1 =x; < 3, then it is true for n = 1. Assume that 1 <z < 3, prove that 1 <z, < 3.

1 S Tk S 3 = 2 S 2xk S 6 multiply all sides by 2.
:>1<2+332.’L'k+336+3:9 add 3 to all sides.
= 1 = \/I S vV ka + 3 S \/§ = 3 take the square root of all sides. Note Tl = 2z + 3.

:>1§.’L'k+1§3

Hence 1 <z, <3 and {z,} is bounded.
(b) Prove that x,, < zp41.
Since1§5:>1:ﬁ§\/3:>x1:1§\/B:xgthenitistruefornzl.Assumethat

Tk < Tpy1, use it to prove that xp11 < Xg1o.

:Ck; S :Ck+1 = ka S 2xk+1 multiply all sides by 2.

= 2z +3 < 22541 + 3 add 3 to all sides.

= \/ka- + 3 S \/2xk+1 + 3 take the square root of all sides. Note 2341 = \/2z), + 3 and zp49 = /2241 +3 .

= Tpy1 < Thyo

Hence x,, < 2,41 and {z,,} is increasing.
(c) Prove that {x,} is convergent and find its limit.

Since {x,} is bounded and {x,} is increasing, then by MCT {z,} is convergent. Let x =

lim z, = lim x,41. Since 1 <z, <3=1<z= lim z, <3.
n—ro0 n—oo n—roo

r=lim z, = lim z,.1 = 2= lim 2, = lim V22, +3 =v22 +3 ez, =2, 75
n—oo n—oo n—oo n—oo

=T =V 2x =+ 3 square both sides.

=22 =2r+3 make it a zero equation .
=22—-2:-3=0 two integers their sum is —2 and their product is —3.
= (z-3)(z+1)=0 the two integers are —3 and 1
==zx=3o0orx=-1 since 1 < @ < 3, then @ # —1.

Hence lim =z, = 3.
n—oo
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8. Letxlzgandxn+1:2—i,f0rn22

(a) Prove that 1 < z,, < 2.

Since 1 < % = 21 < 2, then it is true for n = 1. Assume that 1 < xp < 2, prove that 1 < zp1 < 2.

1 1 L
1<xk<2:>1>—>_ Use0<a<bses — > —.
T 2 a b
1 1
= -1<-——<—= Multiply all sides by —1.
Tk 2
1 1 3 X
:>1:2_1<2__<2__:_<2 add 2 to all sides. Note xj 41 =2 — —.
T 2 2 Tk

= 1<z <2

Hence 1 < z,, < 2 and {x,} is bounded.

(b) Prove that z, > z,1.
Since 71 = 2 =13 > 1% = % =2 — 4+ = x5 then it is true for n = 1. Assume that @), > zp41,
2
use it to prove that zp 11 > Tpi9.
1 1 Lo
Tp > Tpyp1 = — < Use0<a<be —>—..
Tk Tkt @ b
1 1
= - > — Multiply all sides by —1.
Tk Tk+1
1 1 L L
:>2__>2_ add 2 to all sides. Note 11 =2 — — and x5 =2 — .
Tk T41 Tk Tht1
= Tkt1 > Th42
Hence x,, > x,4+1 and {z,,} is decreasing.
(c) Prove that {z,} is convergent and find its limit.

Since {z,} is bounded and {z,} is decreasing, then by MCT {x,} is convergent. Let x =

lim z, = lim z,4;. Since l <z, <2=1<z= lim x, <2
n—oo

n—oo n—oo
. ) . ) 1 1
r=lim z, = lim 41 = 2= lim 2z, = lim 2— — =2 — —  weap=2-—.
n—0o0 n—00 n—00 n—00 Ty X Tn
= 2— — Multiply both sides by .
X
2 _ . .
= T = 21‘ - 1 make it a zero equation .
= ﬂjQ - 21‘ + 1 — 0 two integers their sum is —2 and their product is 1.
= (:C - 1)(1‘ - 1) — 0 the two integers are —1 and —1

z=1lorz=1

Hence lim =z, = 1.
n—o0
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