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1. Let x ∈ R, {xn} be a sequence of real numbers, and E ⊆ R. State the definition of the
following:

(a) [5]E is an open set of R.

Solution:

A set E of real numbers is said to be open set if, for each x ∈ E there is a number
δ > 0 such that (x− δ, x+ δ) ⊂ E.

(b) [5]The Bolzano-Weierstrass Theorem.

Solution:

Let {xn}∞n=1 be bounded sequence of a real numbers, then {xn}∞n=1 has a convergent
subsequence.

(c) [5]The sequence {xn} is Cauchy .

Solution:

A sequence {xn} of real numbers is said to be Cauchy sequence if for every
ǫ > 0 there exists N ∈ N such that if n,m > N ⇒ |xn − xm| < ǫ.

(d) [5]x is a limit point of E.

Solution:

We say x is a limit point of E if for every δ > 0, (x− δ, x+ δ) ∩ (E \ {x}) 6= ∅.

(e) [5]The Monotone Convergence Theorem.

Solution:

A monotone sequence of real numbers is convergent if and only if it is bounded.
Moreover:

(a) If {xn} is bounded above increasing sequence and x = sup{xn : n ∈ N}, then
lim
n→∞

xn = x.

(b) If {yn} is bounded below decreasing sequence and y = inf{yn : n ∈ N}, then
lim
n→∞

yn = y.
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2. Let x1 = 1.1 and xn+1 =
√
3xn + 4, for all n ∈ N.

(a) [4]Prove 1 < xn < 4, for all n ∈ N.

Solution:

We will use mathematical induction to show 1 < xn < 2. Suppose it is true for n.
Thus 1 < xn < 2, and we will prove it for n + 1. Now, we have

1 < xn < 4 ⇔ 3(1) < 3xn < 3(4)

⇔ 3 < 3xn < 12

⇔ 3 + 4 < 3xn + 4 < 12 + 4

⇔
√
7 <

√
3xn + 4 <

√
16

⇔ 1 <
√
7 <

√
3xn + 4 <

√
16 = 4 ⇔ 1 < xn+1 < 4. (1)

Hence 1 < xn < 4, for all n ∈ N.

(b) [4]Prove xn ≤ xn+1, for all n ∈ N.

Solution:

We will use mathematical induction to show xn ≤ xn+1. Suppose it is true for n.
Thus xn ≤ xn+1, and we will prove it for n+ 1. Now, we have

xn ≤ xn+1 ⇔ 3xn + 4 ≤ 3xn+1 + 4

⇔
√
3xn + 4 ≤

√

3xn+1 + 4

⇔ xn+1 ≤ xn+2. (2)

Hence xn ≤ xn+1 for all n ∈ N.

(c) [3]Prove that lim
n→∞

xn = 4.

Solution:

From parts (a),and (b) we have 1 < xn ≤ xn+1 < 4, for all n ∈ N. Since {xn} is
increasing bounded sequence, then by MCT {xn} is convergent. Also, since 1 <

xn < 4, then 1 ≤ lim
n→∞

xn ≤ 4. Now, let lim
n→∞

xn = x, then lim
n→∞

xn+1 = x also. Since

xn+1 =
√
3xn + 4, then x = lim

n→∞

xn+1 = lim
n→∞

(
√
3xn + 4) =

√

lim
n→∞

3xn + 4. Hence

x =
√
3x+ 4. Thus x2 = 3x+4. Hence x2 − 3x− 4 = 0. Hence (x+1)(x− 4) = 0.

Thus x = −1, or x = 4. But since 1 ≤ x ≤ 4, then x 6= −1. Therefore lim
n→∞

xn = 4.
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3. Put (T) if the statement is true and (F) if the statement is false.

(a) [3]Every bounded sequence is Cauchy.

(a)

Solution:

F.
For example xn = (−1)n, then |xn| = |(−1)n| = 1 and hence bounded. But {xn} is
divergent and hence not Cauchy.

(b) [3]The sequence {(−1)n + cosn} has a Cauchy subsequence.

(b)

Solution:

T.
Since |(−1)n + cosn| ≤ |(−1)n| + | cosn| ≤ 1 + 1 = 2, then {(−1)n + cosn} has a
convergent subsequence and hence a Cauchy subsequence.

(c) [3]A monotone sequence is Cauchy.

(c)

Solution:

F.
The sequence {n} is a monotone sequence which is divergent. Hence can not be Cauchy.

(d) [3]Let A = {x ∈ Q : x < 6}. Then A is open.

(d)

Solution:

F. Since any open interval contains rational and irrational numbers, then for x ∈ A we
have for all δ > 0, (x− δ, x+ δ) * A.

Hence A is not open.

(e) [3]Let A =

{

2n

n+ 1
|n ∈ N

}

. Then A′ = {2}.

(e)

Solution:

T.

Since lim
n→∞

2n

n+ 1
= 2, then A′ = {2}.

(f) [3]Let a ∈ R. Then {a} is a closed set.

(f)

Solution:

T. Since {a}c = (−∞, a) ∪ (a,∞), which is open (union of two open intervals ). Then
{a} is a closed set.
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(g) [3]Every sequence has a monotone subsequence that is convergent.

(g)

Solution:

F.
The sequence {n} has no convergent subsequence.

(h) [3]Q ∩Qc is a closed set.

(h)

Solution:

T.
Since Q ∩Qc = ∅ which is closed and open at the same time.

(i) [3]Let a ∈ R. Then a ∈ Q
′ ∩ (Qc)

′

.

(i)

Solution:

T.
Since Q

′

= R and (Qc)
′

= R, then a ∈ Q
′ ∩ (Qc)

′

= R.

(j) [3]Let A =

{

n− 1

n
| n ∈ N

}

∪ {1}. Then A is closed.

(j)

Solution:

T.Since lim
n→∞

n− 1

n
= 1. Then A′ = {1} ⊂ A, then A is closed.
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4. (a) [4]Let {xn} be a bounded above increasing sequence and x = sup{xn : n ∈ N}. Prove
that lim

n→∞

xn = x.

Solution:

Let ǫ > 0 be given. Since x − ǫ is not an upper bound of {xn : n ∈ N}, then
there exist N ∈ N such that x − ǫ < xN . Now, if n > N, since {xn} is increasing
sequence, then xN ≤ xn. If n > N ⇒ x − ǫ < xN ≤ xn ≤ x < x + ǫ. Hence,
if n > N ⇒ x − ǫ < xn < x + ǫ. Thus, if n > N ⇒ |xn − x| < ǫ. Therefore
lim
n→∞

xn = x.

(b) [4]Let {yn} be a bounded below decreasing sequence and y = inf{yn : n ∈ N}. Prove
that lim

n→∞

yn = y.

Solution:

Let ǫ > 0 be given. Since y + ǫ is not a lower bound of {yn : n ∈ N}, then
there exist N ∈ N such that yN < y + ǫ. Now, if n > N, since {yn} is decreasing
sequence, then yn ≤ yN . If n > N ⇒ y − ǫ < y ≤ yn ≤ yN < y + ǫ. Hence, if
n > N ⇒ y−ǫ < yn < y+ǫ. Thus, if n > N ⇒ |yn−y| < ǫ. Therefore lim

n→∞

yn = y.

(c) [3]Is the sequence

{

1− 1

n

}

increasing or decreasing? Prove your answer.

Solution:

Since ⇔ n < n + 1

⇔ 1

n
>

1

n + 1

⇔ −1

n
< − 1

n + 1

⇔ 1− 1

n
< 1− 1

n + 1

Thus the sequence is increasing.
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5. (a) []Let A,B be two nonempty subsets of R.

i. [4]If A is closed. Prove that A′ ⊆ A.

Solution:

Let x ∈ A′. Thus x is a limit point of A. We want to show that x ∈ A. Assume
that x ∈ Ac. Since A is closed, then Ac is open and x ∈ Ac, then there is δ > 0
such that (x− δ, x+ δ) ⊂ Ac. Hence (x− δ, x+ δ) ∩ A = ∅. Contradiction to
the fact that x is a limit point of A. Hence x ∈ A.

ii. [4]If A and B are open. Prove that A ∪ B is open.

Solution:

Let x ∈ A ∪ B. Then x ∈ A or x ∈ B. Then there are δ1, δ2 > 0 such
that (x − δ1, x + δ1) ⊆ A and (x − δ2, x + δ2) ⊆ B. Let δ = δ1 > 0. Now
(x− δ, x+ δ) ⊆ A ⊆ A ∪B. Hence A ∪ B is open.

(b) [3]Give an example of two nonempty subsets A,B of R such that A∩B = ∅, A′ = B′,

and A◦ = B◦.

Solution:

Let A = Q and B = Qc. Then Q′ = R = (Qc)′ and Q◦ = ∅ = (Qc)◦.
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6. Let A = {x ∈ Q | 1 < x < 3} , B = (4, 6], and C =

{

π +
1

n
| n ∈ N

}

.

(a) [4]Find A′, B′ and C ′. Prove your answer.

Solution:

For x ∈ [1, 3] and for any δ > 0, the interval (x− δ, x+ δ) contains infinitely many
rational numbers and hence (x− δ, x+ δ) ∩A− {x} 6= ∅. Hence x is a limit point
for A. Thus A′ = [1, 3].
For x ∈ [4, 6] and for any δ > 0, the interval (x− δ, x+ δ) contains infinitely many
numbers of B and hence (x− δ, x+ δ) ∩B − {x} 6= ∅. Hence x is a limit point for
B. Thus B′ = [4, 6].

Since lim
n→∞

[

π +
1

n

]

= π. Then C ′ = {π}.

(b) [4]Find A◦, B◦ and C◦. Prove your answer.

Solution:

Since A and C contain no intervals, then A◦ = ∅ = C◦.

For x ∈ (4, 6), let δ = min

{

x− 4

2
,
6− x

2

}

> 0. Then (x− δ, x+ δ) ⊆ B. Hence x

is an intrior point. Thus B◦ = (4, 6).

(c) [3]Prove that there exist a sequence {xn} ⊂ A such that lim
n→∞

xn =
√
2.

Solution:

For each n ∈ N, let αn = max{1,
√
2 − 1

n
}, and βn = min{3,

√
2 +

1

n
}. Note that

1 ≤ αn < βn ≤ 3 and
√
2− 1

n
≤ αn < βn ≤

√
2+

1

n
. Since between any real numbers

there is a rational number, then the exists xn ∈ (αn, βn) such that xn ∈ Q. Since

(αn, βn) ⊂ (1, 3), and xn ∈ Q, then xn ∈ A. Also since (αn, βn) ⊂ (
√
2− 1

n
,
√
2+

1

n
),

then
√
2− 1

n
< xn <

√
2 +

1

n
. Using Squeeze Theorem we have

√
2 = lim

n→∞

[
√
2− 1

n
] ≤ lim

n→∞

xn ≤ lim
n→∞

[
√
2 +

1

n
] =

√
2.

Thus lim
n→∞

xn =
√
2.
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7. (a) [4]Let a ∈ R. Prove that (−∞, a) is open set.

Solution:

For x ∈ (−∞, a) let δ = a− x > 0. Since −∞ < 2x− a = x− (a− x) = x− δ <

x+ δ = x− (a−x) = a, then (x− δ, x+ δ) ⊆ (−∞, a). Hence (−∞, a) is open set.

(b) [4]Let a, b ∈ R with a < b. Prove that {a, b} is closed set.

Solution:

Since {a, b}c = (−∞, a)∪ (a, b) ∪ (b,∞) which is open (union of open sets is open
set), hence {a, b} is closed set.

(c) [3]Let a ∈ R. Prove that there exist a sequence {xn} ⊂ (−∞, a) such that lim
n→∞

xn = a.

Solution:

For each n ∈ N, since a− 1

n
< a, there exists a− 1

n
< xn < a < a+

1

n
. Note that

xn < a and a− 1

n
≤ xn < a+

1

n
. Hence xn ∈ (−∞, a). Using Squeeze Theorem we

have

a = lim
n→∞

[a− 1

n
] ≤ lim

n→∞

xn ≤ lim
n→∞

[a +
1

n
] = a.

Thus lim
n→∞

xn = a.
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