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1. Let a, B, © € R, {x,} be a sequence of real numbers, and let A C R be bounded set.
State the definition of the following:

(a) «is the supremum of A.
Solution:

« is the supremum of A if it satisfies the conditions:

(1) a is an upper bound of A (i.e. a < afor all a € A.), and
(2) If v is any upper bound of A then a < v.
(b) [ is the infimum of A.

Solution:
B is the infimum of A if it satisfies the conditions:

(1) B is a lower bound of A (i.e. f <aforalla € A.), and
(2) If t is any lower bound of A, then ¢ < .

(¢) The completeness aziom of R.

Solution:
Every nonempty subset of R that has an upper bound also has a supremum in R.

(d) The Density of Q.

Solution:

If a,b € R with a < b, then there exist a rational number r € Q such that
a<r<b.

(e) The sequence {x,} converges to .

Solution:
The sequence {z,} converges to z € R if for every e > 0 there exists a natural
number N = N(¢) € N such that if n > N = |z, — 2| < €, and we write

lim z, = z.
n—oo
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2. (a) Let {z,} be a sequence and z,y € R. If lim z, = z, and lim z,, = y. Prove that

n—o0 n—oo
y=

T Use the definition of the limit of a sequence to prove that

f
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1
(c) Let {x,} be a sequence of real numbers such that sin (

n € N. Prove that lim z, = 1.

n—oo
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3. Put (T) if the statement is true and (F) if the statement is false.

(a) Every sequence is bounded.

Solution:

F. The sequence {2"}>°, is unbounded sequence.

(b) Let A be a finite subset of R. Then inf A = min A.
(b)

Solution:

T.Note that min A € A. Since min A < a,Va € A, then min A is a lower bound of A.
Let b be any lower bound of A. Since min A € A and b is a lower bound of A, then
b < min A. Hence inf A = min A.

(c) Let A, B be bounded two nonempty subsets of R. If A C B, then inf A > inf B.
(c)

Solution:

T. Since A C B, then inf B < a,Va € A, then inf B is a lower bound for A. Hence
inf B < inf A.

(d) Let A= {z € Q:2* < 16}. Then sup A € Z.
(d)

Solution:

T. Note that 0 € A. Since 22 < 16,Vz € A, then —4 < z < 4. Hence 4 is an upper bound
for A. Let a be an upper bound for A. Suppose that o < 4. Then by the density theorem
for rational numbers there is y € Q such that o < y < 4. Now we have 0 < a < y < 4.
Therefore y? < 16 and hence y € A. But we have o < y and « is an upper bound for A.
A contradiction. Thus 4 < «. Therefore sup A =4 € Z.

1 1
If a <b, then — < —.
(e) If a < b, ena_b

Solution:
F.
-1

=1l
—4<-2but — > —.
< u 1 > 5

(f) Let a € R. If |a| < 1, then the sequence {a"};2; is bounded.
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Solution:

T. Since |a| < 1, then li_}rn a" = 0. Hence {a"};2; is convergent and hence is bounded.
n—o0

(g) Let {an},{bn} C R be two sequences of real numbers. If a,, < b,Vn € N, then

lim a, < lim b,.
n—o0 n—oo

(2)

Solution:

1 1 1 1
F.Leta,=1——,b,=1+—. Thena, =1—— < 1+— =b,. But lim a, =1 = lim b,.
n n n n n—o00

n—oo

1
(h) If @ > 0, there exist n € N such that — < a.
n

(h)

Solution:

1 1
T. Since — > 0, then by Archimedean Property there is n € N such that — < n. Hence
a a

1
— < a.
n

(i) Let A be nonempty subset of R, and ¢ € R. If ¢ < 0, then sup(cA) = csup A.
(i)

Solution:

F. For example, if A = {1,3,—1} and ¢ = —2 < 0, then supA = 3, but —24 =
{—2,-6,2} and hence sup(—2A4) =2 # —6 = —2sup A.

-1
() LetA:{n ]neN}.ThensupAzl.
8)
Solution:
— 1
T.Since = =1—— < 1,Vn € N. Then 1 is an upper bound for A. Let € > 0 be given.
n n
1 1 1 -1
There is ng € N such that — < e. Hence —e < ——. Thus 1 —e<1— — = L c A.
Thus sup A = 1.
Page 5 of 9
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1
4. (a) If a > 0. Prove that then there is n € N such that — < a <n
n

Solution:
Since a € R, then by Archimedean Property there is n; € N such that a < n;. Also

1 1
since — € R, then by Archimedean Property there is ny € N such that — < na.
a a

1
Hence a > —. Let n = max{n;,ny}. Now, a < ny < n. Also — < — < a. Then
Ty n T

1
—<a<n.
n

(b) Let € R. Prove that there exist n € Z such that n <z <n+ 1.

Solution:

By Archimedean Property, there exist m € N such that || < m. Hence —m <
r <m. Theset A, ={—m,—m+1,...,0,1,...,m—1,m} is a finite set. The set
B, ={k:ke€ A, and k <z} C A, is bounded above by x. Let n = sup B, € B,.
Thenn <z andn+1¢ B,. Hence n <z <n+ 1.

(c) Let a,b € R such that a < b and b — a > 1. Prove that there is m € Z such that
a<m<b.

Solution:

Since b—a > 1, then a+ 1 < b. By part (b) there is m € Z such that m < a+1 <
m -+ 1. Hence a +1 < m+ 1 and a < m. Now, m < a+1 < b. Thus m < b.
Therefore a < m < b.

Page 6 of 9
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5. Let A, B be two nonempty bounded subsets of R.
(a) Prove that inf(A + B) = inf A + inf B. (4]

Solution:

Since inf A < aforalla € Aand inf B <bforallb € B, then inf A+inf B <a-+b
for all @ € A and b € B. Hence inf A + inf B is a lower bound for A + B. Let «
be any lower bound of A + B. Hence u < a+ b for all a € A and b € B. Thus
for a fix b € B, we have u < a+ b for all a € A. Hence u — b < a for all a € A.
Therefore v — b is a lower bound for A. Hence v —b < inf A and thus v —inf A < b
for all b € B. Thus u — inf A is a lower bound for B. Hence u — inf A < inf B.
Thus w < inf A + inf B. Therefore inf(A + B) = inf A + inf B.

(b) Prove that inf(—B) = —sup B. [4]

Solution:

Let —B = {—b : b € B}. Since B is bounded below there is m € R such that
m < b for all b € B. Hence —b < —m for all b € B. Thus the set —B is bounded
above. Then by Completeness axiom sup(—B) exist and is a real number. Let
a = sup(—B) Now, —b < « for all b € B. Hence —a < b for all b € B. Thus
—a is a lower bound for B. Let 8 be a lower bound for B. hence g < b for all
b€ B. Thus —b < —f for all b € B. Thus —f is an upper bound for —B, but
a = sup(—B) and hence « < —f and therefore § < —a. Thus inf B = —«a € R.
Hence inf B = — sup(—B).

(c) Prove that inf(A — B) = inf A — sup B. (3]

Solution:
Note that A — B = A+ (—B). By part (a) and (b), we have

inf(A—B) = inf(A+(—B)) = inf A+inf(—B) = inf A+ (—sup B) = inf A—sup B.

Page 7 of 9
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6. Let A={z€Q|2*<T}.
(a) Prove that sup 4 = /7.

Solution:

Note that 0 € A. Since 22 < 7 < —V/7 < & < /7 hence V7 is an upper bound
for A. Now, if u is an upper bound for A. Since 0 € A, then 0 < u. Suppose that
0 < u < V/7 then by density of Q there is z € Q such that 0 < u < z < V7. Now,
since 0 < z < V7 < 22 < 7, hence z € A. But u < z and u is an upper bound for
A. Contradiction. Hence v/7 < u and therefore sup A = V.

(b) Prove that inf A = —/7.

Solution:

Note that 0 € A. Since 22 < 7 < —V/7 < & < /7 hence —V/7 is a lower bound
for A. Now, if v is a lower bound for A. Since 0 € A, then v < 0. Suppose that
—V/7 < v < 0 then by density of Q there is y € Q such that —v/7 <y < v < 0.
Now, since —vV7 < y < 0 < y?> < 7, hence y € A. But y < v and v is a lower
bound for A. Contradiction. Hence v < —v/7 and therefore inf A = —V/7.

(¢) Prove that there exist a sequence {z,} C A such that lim z, = /7.

n-r00
Solution:
For each n € N, since /7 — S is not an upper bound of A, then there is z,, € A
such that "

Vi< <VT<Vit .
Thus

1 1
ﬁ—ﬁ<xn<ﬁ+E,VneN

Using Squeeze Theorem we have
1 1
V7= lim [V7 - =] < lim z, < lim [V/7+ =] = VT.
n—00 n n—00 n—o00 n

Thus lim z, = V7.

n—oo
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7.

(a) Prove that ||a| — |b]| < |a — 0| for all a,b € R.

Solution:

Since a = a—b+b, then |a| = |[a—b+b| < |a—b|+ |b|, and hence |a|—|b] < |a—b].
Also, since b = b — a + a, then |b| = |b — a + a| < |b — a| + |a|, and hence
|b| — |a| < |b—a| = |a—b|. Now, |b] — |a|] < |a—0b] & —|a — b < —|b] + |a|] and
hence —|a—b| < |a|—|b|. Also we have |a|—|b] < |a—b|. Thus —|a—b| < |a|—|b] <
la| — |b] < |a — b|. Therefore ||a| — [b]| < |a — b|.

(b) Let {z,} be a sequence of real numbers such that lim z, = = € R. Prove that

n— o0
lim |z,| = |z|.
n—oo
Solution:
We have that ||a| — |b|| < |a—b|, Ya,b € R. Let € > 0 be given. Since lim z, = z,
n—oo
therefore there exists N € N 3 ifn > N = |z, —z| < e. Nowjifn > N =
l|zn] — ||| < |2n — 2| < €. Thus lim |z,| = |z|.
n—oo

1
(¢) Let {a,} be a sequence such that |a,, —5] < — for all n € N. Prove that lim a, =5.
n

n—oo

Solution:
1
Let € > 0 be given. Since lim — = 0, therefore there exists N € N > ifn >
n—oo 1,
1 1 1
N= —=|=|<eNowjifn >N = |a,—5 < = = || <e Thus lim a, = 5.
n? n? n? n? n—00
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