Dr. Faris Alzahrani

MATH 204

Chapter 4

The Laplace Transform

4.1 Definition of the Laplace Transform

The Laplace Transform of a function f(t) is defined by

F(s) = £{f(0)} = [ e (),

provided that the integral converges.

Example. Evaluate the Laplace transform of the following functions :

1. f(t) =a
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2. f(t) =t
3. f(t) = e
0,
4 f(t) =
2,

0<t<3

3<t.
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Laplace Transforms of Some Basic Functions:

1. L{a} =1
S
2£{t”}:L n=12 3,6{6’”}: 1
. S”"’ll J Ly . s_a
. a S
4, E{smat} = m 5. E{COS at} = m
. a S
6. E{Slnh at} = m 7. E{COSh at} = m

Remark. The Laplace transform is linear :
L{c1f(t) +c28()} = cr L{f (1) } + c2L{g(t)}.

Example. Evaluate the Laplace transform of the following functions :

L f(t)y=t4+e -3

2. f(t) = (2t —1)°
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3. f(t) = e'sinht

4. f(t) = cos?t

5. f(t) = 14cos(t - %)

(Exercises 4.1)

Q1. Evaluate the Laplace transform of the following functions :

t, 0<t<1
1 f(t) = 2. f(t) =t +6t—3 3. f(t) = (t+1)°
1, 1<t
4. f(t)y=1+e" 5. f(t) = 4> — 5sin 3t 6. f(t) = e ' cosht
7. f(t) = sin2t cos 2t 8. f(t) = sin(4t + 5)
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4.2 Inverse Laplace Transform

If F(s) is the Laplace transform of f(t), that is,

F(s) = L{f(t)},

then f(t) is called the inverse Laplace transform of F(s), and we write

f(£) = L7HE(s)}

Some Inverse Laplace Transforms:

1
1
2 F<S):s+2
1
3 F(s)=52+9
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Remark. The inverse Laplace transform is linear :

LY F(s) +c2G(s)} = a1 L7HF(s)} + oL HG(s)}.

Example. Evaluate the inverse Laplace transform of the following functions :

—25+6

LFGs) =g

s +2)2

2 F(s):( 53)
1

3 F(S):sz—l’)s
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4 F(s) = 553
5 F8) = 6 -3 -0)
6. F(s) = .

(s+2)(s2+4)

(Exercises 4.2)
Q1. Evaluate the inverse Laplace transform of the following functions :
1 E(s) = & ;1)3 2. F(s) = SZJFL@ 3. F(s) = 552112
4.F(s) = m 5.F(s) = S;;Jr%
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4.3 Properties of the Laplace Transform

Property 1.
c{e"f(} =L{FO},

Example. Evaluate the following Laplace transforms :

1. ﬁ{eZtt3}

2. ﬁ{e_zt cos4t }

3. ﬁ{t(et + ezt)z}
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Remark. From property 1, we have

L HF(s—a)} =e" L7YF(s)}.

Example. Evaluate the following inverse Laplace transforms :

H e )

56



Dr. Faris Alzahrani

-1 S
3L {52+45+5}

Property 2. If L{f(t)} = F(s), then

L{PfH} = (1) TUEGs).

For example,
d ’ d?
L{f(D} = —2F(s)  and  L{Ef(D)} = 75F(s).

Example. Evaluate the following Laplace transforms :

1. £{tsin3t}

57



Dr. Faris Alzahrani

2. E{t3et}

Definition. The convolution of two functions f and g is defined by
t
frg= [ fglt-7)ar

Property 3.
L{f*gy = LU ()FLLg(H)}

Example. Evaluate the following Laplace transforms :

L L{1%£}

2. L‘{/Otersin(t—r) d'(}
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(Exercises 4.3)
Q1. Evaluate the following Laplace transforms :
1 L{e %P} 2. L{eH(t—1)%} 3. L{e' sin3t} 4. L{te 101}
t
5. L{tcos2t} 6. L{e* xsint} 7. E{/ sin T cos(t — T) dT}
0

Q2. Evaluate the following inverse Laplace transforms :

_ 1 _ 1 _ 2545
1.7 ——— 2. LN ——— L
£ {(s+2)3} £ {s2+25-|—5} 3. L {sz+6s+34}

4.4 Solving Initial Value Problems Using Laplace Transform

The Laplace transform of the nth derivative of f(t) is given by
L{FM(1)} = "F(s) =" £(0) = "2 (0) —... — f"(0).
For example,
L{f(H} =sF(s) = f(0)  and  L{f"()} =°F(s) —sf(0) — f'(0).
The Laplace transform can be used to solve initial value problems.

Example. Solve the following initial value problems :

dy _
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2. y' + 3y =13sin2t, y(0) =6

(Exercises 4.4)

Q1. Solve the following initial value problems :
1.y +6y =", y(0) =2
2.y —y = 2cos5t, y(0) =
3.y +5/+4y=0,  y(0)=1 y(0)=0

@)
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(Answers 4.1)
Al
1 ¢S 2 6 3 6 6 3 1
11:(5) S_2 52 2F(S)_S_3+S_2_E 3F(S)_S_4+S_3+S_2+E
11 8 15 171 1
4 EE) =545 5F0) =5~ 759 ”(S)—i[g s+2]
2 4cos5 + ssinb
7 F6) = 7376 8.F(s) = —2 776
(Answers 4.2)
AL
Lf(t) =143t + 32+ 13 2. f(t) = 3sin7t 3. f(t) = cos V2t + 5 sin V21
4. f(t) = det — Le™ 5. f(t) = £ — Lcos V5t
(Answers 4.3)
AL
6 2 2 1 3
1. .F — 2, F e — . F —
()= G5 x2y ) == o2 Ty 3-F(s) = 5159
1 s —4 1
S
=
A2.
Lf(t) =™ 2. f(t) = se"'sin2t 3. f(t) = 2¢ ¥ cos 5t — te ' sin 5t
(Answers 4.4)
Al
l.y= 11—0€4t + %e‘“ 2.y = %et — % cos 5t + % sin 5t 3.y= %e_t — %e_‘”
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