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5.1 Cauchy Sequence

‘ Definition 5.1:‘ A sequence {x,} of real numbers is said to be Cauchy sequence if for every e > 0 there exists

N € N such that if n,m > N = |z, — | <.

Note 5.1:| A sequence is Cauchy if the terms eventually get arbitrarily close to each other.
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‘ Ezxzample 5.1:‘ The sequence {—} is Cauchy. To see this let € > 0 be given. Choose N € N such that ~ < % Now,
n

1 1 1 1 € €
———| <-4+ —=—<=-+=-=c
n o m n o m 2 2

ifn,m>N =

‘ Example 5.2:‘ The sequence {%} is Cauchy. To see this let € > 0 be given. Choose N € N such that N < %
n
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Let sequence {z,} be a Cauchy sequence of real numbers. Then {z,} is bounded.

Proof: Since {z,,} is a Cauchy sequence, then there exists N € N such that if n,m > N = |z, — x| < 3.

+

= €.

Now, if n,m > N = €ic
nm m 2 2

ifn,m>N = |z, —2,| <3
letm=N+1,ifn>N = |z, —zys1| <3 Note: |zp| — |zn+1] < |20 — 2N 41
= |on| = oy ] Slon —2n4a] <3
ifn>N= |z, <3+ |rNi1|
Let M = max{|z1|, |x2], - |z~|, |xN41]| + 3}
Now, if n > N = |z,| <3+ |znt1| < M
Now, if n < N = |2, | < max{|z1], |z2|, - |zn|} < M

Thus Vn € N, |z, < M.

| Theorem 5.1:| [ Cauchy Convergence Criterion |

A sequence of real numbers is convergent if and only if it is a Cauchy sequence.
Proof: Let {x,} be a sequence of real numbers.

(=) Suppose that nh_)rgo x, = x € R. We want to show that {x,} is Cauchy sequence. Let € > 0 be given. Since
lim z,, = x then there exist N € N such that if n > N = |z, — z| < % Also, if m > N = |z, — x| < %

T—r 00
Now, if n,m > N = |z, —2p| = |xn —x+ 2 — 20| < |2, — 2|+ |20 —2| < §+% = e. Thus {z,,} is a Cauchy sequence.
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(<) Suppose that {x,} is a Cauchy sequence.We want to show that {z,,} is convergent. Let € > 0 be given.

Since {z,} is a Cauchy sequence, then it is bounded. Hence {z,} has a converge subsequence {z,,}. Suppose
€ €
klim X, = x € R. There exist N1, N3 € N such that if n,m > Ny = |2, — 2| < 3 and, if £ > Ny = |z, — 2| < 7
—00
Now, fix k > Ny such that ng > Ny and, if n > Ny = |z, —zp, | < g and |z, —z| < g Now, if n > Ny = |x, — 2| =
€ €

[Ty, — @y + 2y — 2] < |Xp — @y | + |20y, — 2] < 5T5=¢ Thus {z,,} converges .
[ |
1
‘Emample 5.3:‘ Prove that any sequence of real numbers {z,,} which satisfies |z, — xn41| = o V' n e Nis
convergent.
Solution:
Ifm>n= |z, —Tn| =|Tn — Tng1 + Tnt1 + o2 + ..+ Tipe1 — Ty

S |mn - xn+1| + |xn+1 + xn+2| +...+ ‘.’Em,1 - xm‘
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1 1 1
= <1 — 5m_n> Note that: (1 - 5m_n> <1
1
< 5n—1
Let € > 0 be given, choose N € N such that Fn <€
1
Now, if n,m > N = |z, — 2| < i <e.
Thus {z,} is convergent.
||
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