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1. Real Numbers and Coordinate Systems

1.1. Real Numbers

All concepts in calculus are based on properties of the set of real numbers. We start with the
set of Natural numbers, N = {1, 2, 3, . . .} .
The set of Integers, Z = {0,±1,±2,±3, . . .} consisting of the natural numbers with their
additive inverses and the zero. Then we can construct the Rational numbers, which are the

ratios of integers. The set of rational numbers, Q =
{a

b
| a, b are integers and b �= 0

}
.

For example,
1
2

,
−7
11

, 23 =
23
1

, 0 =
0
2

, 0.15 =
15
100

are all rational numbers.

Some real numbers, such as
√

2, e, π can not be written as a ratio of integers and hence they
are called Irrational numbers. The set of all rational and irrational numbers is the set of Real
numbers R . There is a one-to-one correspondence between R and points on a coordinate line
(or real line) as illustrated in the following Figure.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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If a and b are real numbers, and a − b is negative, we say that a is less than b and we write
a < b. An equivalent statement is b is greater than a. The symbol a ≤ b, which read a is less
than or equal to b, means that either a < b or a = b. When working with inequalities, note
the following rules.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

−14
5 = −2.89

2 = 4.5π ≈ 3.14159e ≈ 2.71828
√

2 ≈ 1.41421−
√

2 ≈ −1.41421
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1.2. Properties of Inequalities

Let a, b, c and d be real numbers

1. If a < b, then a ± c < b ± c. Add and Subtract a constant.

2. If a < b and b < d, then a < d. Transitive Property.

3. If a < b and c < d, then a + c < b + d. Add inequalities .

4. If a < b and c > 0, then ac < bc. Multiply by a positive constant.

5. If a < b and c < 0, then ac > bc. Multiply by a negative constant.

6. If a < b and c > 0, then
a

c
<

b

c
. Divide by a positive constant.

7. If a < b and c < 0, then
a

c
>

b

c
. Divide by a negative constant.

8. If 0 < a < b, then
1
a

>
1
b

> 0.

Note 1: Note that Properties 5, 6 tell you to reverse the inequality when you multiply or divide
by a negative number.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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1.3. Types of Intervals in R

Let a and b be real numbers such that a < b❍? .The following table lists the nine possible types
of intervals.

No. Notation Interval Type Inequality Graph

1 [a, b] Closed a ≤ x ≤ b
a b

−∞ ∞

2 (a, b) Open a < x < b
a b

−∞ ∞

3 [a, b) Half-Open a ≤ x < b
a b

−∞ ∞

4 (a, b] Half-Open a < x ≤ b
a b

−∞ ∞

5 [a,∞) Half-Open a ≤ x
a

−∞ ∞

6 (a,∞) Open a < x
a

−∞ ∞

7 (−∞, a] Half-Open x ≤ a
a

−∞ ∞

8 (−∞, a) Open x < a
a

−∞ ∞

9 (−∞,∞) Entire real line −∞ ∞

The symbols ∞ (positive infinity) and −∞ (negative infinity) do not represent real numbers.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

a < b: Read a is less than b. Similarly, a > b:
Read a is greater than b.



Real Numbers and Coordinate Systems 6/15

Example 1. Solve: −1 ≤ 4 − 3x

2
< 1

Solution:

−1 ≤ 4 − 3x

2
< 1 multiply all sides by 2.

−2 ≤ 4 − 3x < 2 subtract 4 from all sides

−6 ≤ −3x < −2 divide by −3 all sides and note it is negative

2 ≥ x >
2
3

we rewrite the inequality

2
3

< x ≤ 2

Hence the solution is (2
3 , 2]. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 2. Solve: x2 − 3x > 4

Solution: We have a second degree inequality.

First, we write x2 − 3x − 4 > 0 we are looking for a positive sign.

Second, set x2 − 3x − 4 = 0 to find the zeroes

(x − 4)(x + 1) = 0 factor

Hence x = −1, 4.

Third, use the real line to find the sign of each expression.

sign of x − 4
4❍?
��−−−− + + ++

sign of x + 1 ��−1❍?−−−− + + ++

sign of (x − 4)(x + 1) �� ��+ + + −−− + + +−1 4

Hence the solution is (−∞,−1) ∪ (4,∞).❍? �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

We find the (+) signs in the interval (−∞,−1)
or (4,∞).
We excluded −1 and 4 because we do not have
equal sign we have only grater than.
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1.4. Absolute Value

Let a be a real number. The absolute value of a, denoted by |a|, is

|a| =
{

a, if a ≥ 0;
−a, if a < 0.

Note 2: Note that the absolute value of a number a is the distance from a to the origin 0,
hence |a| ≥ 0.

Example 3. Evaluate the following :

(a) | − 4|
(b) |4 − π|
(c) |2 − π|

Solution:

(a) | − 4| = −(−4) = 4.

(b) |4 − π| = 4 − π, since 4 > π.

(c) |2 − π| = −(2 − π) = π − 2, since 2 < π.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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1.5. Properties of Absolute Value

Suppose that a, b, and c are any real numbers, and suppose that c > 0. Then

1.
√

a2 = |a|.
2. |ab| = |a||b|, |an| = |a|n, for any integer n.

3.
∣∣∣a
b

∣∣∣ =
|a|
|b| (b �= 0).

4. |x| = c if and only if x = ±c.

5. |x| < c if and only if − c < x < c.

6. |x| > c if and only if x > c or x < −c.

Example 4. Find the interval satisfied by the inequality
∣∣∣x
4

+ 1
∣∣∣ < 1.

Solution: ∣∣∣x
4

+ 1
∣∣∣ < 1 ⇔− 1 <

x

4
+ 1 < 1 By property 5.

⇔− 2 <
x

4
< 0 subtract 1 from all sides

⇔− 8 < x < 0 multiply all sides by 4

Hence the interval is (−8, 0). �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 5. Solve the inequality
x + 6
x + 1

≤ 2.

Solution:
x + 6
x + 1

≤ 2 ⇔x + 6
x + 1

− 2 ≤ 0 subtract 2 from all sides .

⇔x + 6
x + 1

− 2(x + 1)
(x + 1)

≤ 0 make a common denominator

⇔x + 6 − 2x − 2
x + 1

≤ 0 simplify

⇔4 − x

x + 1
❍? ≤ 0 we are looking for negative sign.

The real zeros of the numerator and the denominator are x = 4 and x = −1. So the expression’s
test intervals are (−∞,−1), (−1, 4], and [4,∞).

Now, we use the real line to find the sign of each expression.

�+ + ++ −−−−sign of 4 − x 4

��−1
sign of x + 1 −−−− + + ++

�� �sign of
4 − x

x + 1
−−− + + + −−−−1❍? 4❍?

Hence the solution is (−∞,−1) ∪ [4,∞).❍? �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

We need to find the zeros of the numerator and
the denominator.
We find the (−) signs in the interval (−∞,−1)
or [4,∞).

We included 4 because we have equal sign and
excluded −1 because it makes the denominator
equal zero and dividing by zero is not allowed.
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1.6. Cartesian Coordinates

An ordered pair (x, y) of real numbers has x as its first coordinate and y as its second coordinate.
The way for representing ordered pair is called Cartesian coordinate system.

It is consist of two real line intersecting at right angles.

The horizontal axis is often called the
x−axis,and the vertical axis is often called
the y−axis.The point of their intersec-
tion is the origin.The two axes divide the
plane into four quadrants. Each point in
the plane corresponds to an ordered pair
(x, y) of real numbers x and y.The num-
ber x is the distance from the y−axis to
the point,and the number y is the dis-
tance from the x−axis to the point.For
the point (x, y), the first coordinate is the
x−coordinate, and the second coordinate
is the y−coordinate.

�

�

x

y (x, y)

y

x

Origin

y−axis

x−axis

first Quadrantsecond Quadrant

forth Quadrantthird Quadrant

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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The Figure to the right shows the plot
of the points (0, 0), (2, 3),(3, 0), (0,−3),
(−2, 1), (2,−2), and (−3,−1) in the
Cartesian coordinate system, look care-
fully how is the sign of each coordinate
determine the position of the point.

Note 3: The signs of the coordinates of
a point determine the quadrant in which
the point lies. For example, if x < 0 and
y < 0, then the point (x, y) lies in the
third quadrant.

Note 4: The notation (x, y) is used to
denote a point in the plan or an open
interval on the real line, however the con-
tent of the problem should clarify whether
the notation is used for a point or an in-
terval.

1

2

3

4

−1

−2

−3

−4

1 2 3 4−1−2−3−4

�

�

�

�

�

�

�

(0, 0) (3, 0)

(2, 3)

(0,−3)

(−2, 1)

(−3,−1)
(2,−2)

y

x

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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1.7. The Distance

On the real line distance between to num-
bers a, b is given by d = |a− b| = |b−a|.
It follows from this that the distance be-
tween two points P1(x1, y) and P2(x2, y)
on any horizontal line is d = |x1−x2| and
the distance between two points P1(x, y1)
and P2(x, y2) on any vertical line is d =
|y1 − y2|.
To find a formula for the distance between
any two pint on the Cartesian coordinate
system, we use this information and the
Pythagorean Theorem.❍?

Now, if P1(x1, y1) and P2(x2, y2) be any
two points in the plane. The lines y = y1

and x = x2 will intersect at the point
(x2, y1) to form a right triangle with ver-
tices (x1, y1), (x2, y1), and (x2, y2). Us-
ing Pythagorean Theorem for the triangle
in Figure we have

d2 = (y2 − y1)2 + (x2 − x1)2.

x

y

�

�

�

(x1, y1)

(x2, y2)

(x2, y1)

d

x2 − x1

y2 − y1

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

The Pythagorean Theorem says a trian-
gle is right triangle, if and only if the
hypotenuse c and the sides a and b are
related by c2 = a2 + b2.

a

b
c
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Definition 1.1: [Distance Formula]
Let P1(x1, y1) and P2(x2, y2) be any two points in the plane. Then the distance between P1

and P2 is d(P1, P2) =
√

(y2 − y1)2 + (x2 − x1)2.

Example 6. Given that A(−1, 2),B(1, 4), and C(1, 2) find d(A, B), d(A, C), d(C, B).

Solution:

1.

d(A, B) =
√

(y2 − y1)2 + (x2 − x1)2

=
√

(2 − 4)2 + (1 − (−1))2 =
√

8

2.

d(A, C) =
√

(2 − 2)2 + (1 − (−1))2 =
√

4 = 2.

3.

d(C, B) =
√

(2 − 4)2 + (1 − 1)2 =
√

4 = 2.

1

2

3

4

-1
1-1-2

y

x

�

�

�

(−1, 2)

(1, 4)

(1, 2)

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 7. Use the distance to determine if the points A(−1, 2),B(1, 4), and C(1, 2) form

the vertices❍? of a right triangle.❍?

Solution:

We know that d(A, B) =
√

8, d(A, C) =
2, and
d(A, B) = 2. Now since 22 + 22 = 4 +
4 = 8 = (

√
8)2, then the points form the

vertices of a right triangle.

1

2

3

4

-1

1-1-2

y

x

�

�

�

(−1, 2)

(1, 4)

(1, 2)

√
8

2

2

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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