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The Integral Test

The Integral Test

Theorem .1: [Integral Test]
Let {an}∞n=1 be a sequence of positive real numbers. If f be a positive, decreasing, and

integrable on [1,∞) with an = f(n), then

∞∫
1

f(x) dx and
∞∑

n=1

an either both converge or

both diverge.

Example 1. Determine whether the series
∞∑

n=1

1
n2 + 1

converges or diverges.

Solution: Let f(x) =
1

x2 + 1
, for all x > 1. Now, an = f(n) =

1

n2 + 1
for all n ≥ 1, f(x) =

1

x2 + 1
> 0, x ≥ 1, Also f ′(x) = −(x2 + 1)−2(2x) =

−2x

(x2 + 1)2
< 0. Since f is differentiable, f is

continuous on the interval [1,∞), and f is decreasing on [1,∞).
∫ ∞

1

1

x2 + 1
dx = lim

t→∞

∫ t

1

1

x2 + 1
dx = lim

t→∞
tan−1 x❍?

∣∣∣t
1

= lim
t→∞

(
tan−1 t − tan−1 1

)
=

π

2
− π

4
=

π

4
.

Since the improper integral converges, this series converges. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 2. Determine whether the series
∞∑

n=1

e−
√

n

√
n

converges or diverges.

Solution:

Let f(x) =
e−

√
x

√
x

, for all x > 1. Now, an = f(n) =
e−

√
n

√
n

for all n ≥ 1,

f(x) =
e−

√
x

√
x

> 0, x ≥ 1, Also f ′(x) =
−(

√
x + 1)e−

√
x

2x
√

x
< 0.❍

? Since f is differentiable, f

is continuous on the interval [1,∞), and f is decreasing on [1,∞).∫ ∞

1

e−
√

x

√
x

dx = lim
t→∞

∫ t

1

−2e−
√

x

−2
√

x
dx = lim

t→∞−2e−
√

x
∣∣∣t
1

= lim
t→∞

(
−2e−

√
t + 2e−1

)
= 0 + 2e−1 = 2e−1.

Since the improper integral converges, this series converges.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

f(x) =
e−

√
x

√
x

= x−1/2e−
√

x

f ′(x) =
−1
2

x−3/2e−
√

x − 1
2
x−1/2x−1/2e−

√
x

=
−1
2

x−3/2e−
√

x − 1
2
x−1e−

√
x

=
−1
2

x−3/2e−
√

x[1 +
√

x]

=
−(1 +

√
x)

2x
√

x



The Integral Test c©Hamed Al-Sulami 4/5

Example 3. Determine whether the series
∞∑

n=1

1
n[1 + ln2 n]

converges or diverges.

Solution:

Let f(x) =
1

x[1 + ln2 x]
, for all x > 1. Now, an = f(n) =

1
n[1 + ln2 n]

for all n ≥ 1,

f(x) =
1

x[1 + ln2 x]
> 0, x ≥ 1, Also f ′(x) = − (1 + lnx)2

[x[1 + ln2 x]]2
< 0.❍

? Since f is differen-

tiable, f is continuous on the interval [1,∞), and f is decreasing on [1,∞).∫ ∞

1

1
x[1 + ln2 x]

dx = lim
t→∞

∫ t

1

1
1 + (lnx)2

1
x

dx = lim
t→∞ tan−1 (ln x)

∣∣∣t
1

= lim
t→∞

(
tan−1 (ln t) − tan−1 0

)
=

π

2
− 0 =

π

2
.

Since the improper integral converges, this series converges.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

f(x) =
1

x[1 + ln2 x]

f(x) = [x[1 + ln2 x]]−1

f ′(x) = −[x[1 + ln2 x]]−2[x(2 ln x
1
x

) + (1 + ln2 x)]

= −2 lnx + 1 + ln2 x

[x[1 + ln2 x]]2

= − ln2 x + 2 lnx + 1
[x[1 + ln2 x]]2

= − (1 + lnx)2

[x[1 + ln2 x]]2
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Theorem .2: [p-Series ]

The p-series
∞∑

n=1

1
np

converges if p > 1 and diverges if p ≤ 1.

Proof: If p = 1 we have the Harmonic series which is divergent. If p ≤ 0 we have lim
n→∞

an =

lim
n→∞

1

np
= ∞ �= 0, hence

∞∑
n=1

1

np
diverges by Divergence test. Now, if p > 0 consider the function

f(x) =
1

xp
x ≥ 1 then f is positive, decreasing, and integrable. Hence we can use the Integral test

∫ ∞

1

1

xp
dx = lim

n→∞

∫ n

1

x−p dx

= lim
n→∞

[
x1−p

1 − p

]n

1

= lim
n→∞

[
n1−p − 1

1 − p

]
this limit has a finite value

⇔1 − p < 0

⇔p > 1

Hence

∞∑
n=1

1

np
converges ⇔p > 1.

�
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